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Abstract

Machine Learning and Fuzzy Logic effectively complement each other in neuro-fuzzy systems, combining
data-driven learning with interpretable reasoning under uncertainty. A prominent architecture is the Adaptive
Neuro-Fuzzy Inference System (ANFIS), which employs the Takagi-Sugeno method to model complex nonlinear
systems. However, standard ANFIS is traditionally limited to the algebraic product operation in its antecedent
layer and often encounters computational bottlenecks on CPU hardware when handling high-dimensional
datasets. In this work, we propose a generalization of the ANFIS antecedent layer by systematically integrat-
ing various families of parametric and non-parametric t-norms. We evaluate this architecture in two distinct
environments: a traditional CPU-based baseline and a GPU-accelerated framework. Experiments conducted
on various benchmark datasets demonstrate that replacing the fixed product operator with flexible t-norms
improves predictive accuracy and adaptability, and statistical tests confirm the benefits of the proposed gener-
alization.

*Corresponding author: Helida Santos, Center for Computational Sciences, Federal University of Rio
Grande (FURG), Rio Grande, RS, Brazil.

Received: 16.09.2026 Accepted: 21.09.2026 Published: 13.10.2026

Keywords: Fuzzy Logic, ANFIS generalization, Fuzzy Aggregators, Machine Learning, Neural Networks

This research was partially supported by Brazilian funding agencies: CAPES, CNPq (309160/2019-7, 3305805/2021-5,
150160/2023-2, 318141/2025-6), PqG/ FAPERGS (21/ 2551-0002057-1), FAPERGS (24/2551-0001396-2), FAPERGS/CNPq
(23/2551-0000126-8), and PRONEX (16/ 2551-0000488-9).

Journal of Pioneering Artificial Intelligence Research
ISSN: 3069-0846

DOI: doi.org/10.63721/26JPAIR0155



Research Article Open Access

J.of Pion Artf Int Research Vol:2,5. Pg:2

I. Introduction

Nowadays, Machine Learning (ML) [1] has been
present in a plethora of fields, such as recommenda-
tion systems [2], fuzzy systems [3]–[5], among oth-
ers. There exist various ML approaches, but Neural
Networks (NNs) [6] are believed to be crucial to in-
telligent algorithms. The diversity of current applica-
tion areas includes detecting potential climate change-
related disasters [7], supporting medical diagnosis [8],
and even predicting stock behavior in finance [9].

Modeling uncertainty with Fuzzy Logic (FL) [10] is
a viable strategy since it leverages a formal frame-
work for the development of science and computa-
tional technologies. By handling uncertainty inherent
in human reasoning, FL employs linguistic variables
associated with the membership relations of Fuzzy
Sets (FSs), allowing complex phenomena to be rep-
resented in a flexible and realistic manner.

Unlike systems that are strict in mapping inputs to
decisions using true-or-false values, Fuzzy Inference
Systems (FIS) interpret complex, imprecise inputs
through qualitative representations and inference rules
provided by experts, derived from numerical data or
statistical methods. The process begins with the fuzzi-
fication step, converting crisp inputs (numerical data)
derived from measurements or observations into fuzzy
input sets. Next, the fuzzy inference mechanism, ex-
pressed as linguistic statements, activates the fuzzy
rules. So, the operations are made with fuzzy sets,
including rule antecedent matching, implication, and
fuzzy inference. The fuzzy input sets, related to the
rule antecedents, and the output set, associated with
the consequent, are evaluated to identify the rules to
be applied. After generating the fuzzy output set, the
defuzzification process converts the qualitative infor-
mation generated by the FIS into a final numerical
value [11].

The Adaptive Neuro-Fuzzy Inference System (AN-
FIS) [12] constitutes a hybrid approach that integrates
the adaptive learning capabilities of NNs with the ap-
proximate reasoning of Fuzzy Logic, employing the
Takagi-Sugeno inference method [13]. ANFIS deliv-
ers an interpretable representation of the relationship
between input variables and the system output, mak-
ing it suitable for modeling complex and potentially
nonlinear input-output relationships. Its architecture
comprises five layers, beginning with the fuzzifica-

tion of input variables, followed by the computation
and normalization of rule firing strengths, the selec-
tion of rule consequents, and the aggregation of the
resulting outputs after the learning process. Through
supervised learning, this hybrid architecture automat-
ically adjusts the fuzzy rules and Membership Func-
tions (MFs), enabling the model to effectively cap-
ture and represent patterns and nonlinear relationships
present in the input data.

In [14], ANFIS was used as a tool to control nonlin-
ear systems for efficiently controlling water levels in
a didactic plant. In that work, ANFIS replicates the
traditional controller response with a shorter actua-
tion time. The ANFIS implementation used is pub-
licly available [15] and was partially considered and
adapted in this current study.

Traditional ANFIS implementations, such as the one
in [15], are known to have practical bottlenecks,
despite their sound theoretical basis and adoption
in control and modeling systems [14]. Historically
designed for CPU execution, these classic frame-
works rely on sequential computations that struggle to
scale when handling high-dimensional feature spaces,
where rule generation grows exponentially. Besides,
standard implementations were primarily designed
for single-output regression tasks, requiring adapta-
tions or thresholding heuristics to address classifica-
tion problems.

To address these challenges, recent developments in
neuro-fuzzy systems have increasingly incorporated
deep learning techniques and frameworks. One exam-
ple is ANFISpy [16], which implements neuro-fuzzy
modeling within the PyTorch ecosystem. This integra-
tion enables GPU-based acceleration and automatic
differentiation, removing the need to explicitly de-
rive and implement gradient computations. In addi-
tion, ANFISpy supports multi-class classification by
directly optimizing the cross-entropy loss, providing
a practical connection between the interpretability of
fuzzy inference systems and the computational scala-
bility of modern deep learning workflows.

Building upon these complementary implementa-
tions, the theory-faithful CPU-based version and the
modern GPU-accelerated framework, this work, a
follow-up study of [17], investigates the generaliza-
tion of the second layer (antecedent generation) in
ANFIS. Rather than limiting ourselves to the stan-
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dard algebraic product, we systematically incorporate
various families of parametric and non-parametric t-
norms and evaluate how structural and computational
enhancements influence predictive accuracy across
different input datasets.

Continuing previous studies on aggregators and fuzzy
operators, this work aims to systematically evaluate
the generalization of the second layer in the ANFIS
architecture across both CPU and GPU computational
frameworks, assessing how structural flexibility in an-
tecedent aggregation affects predictive performance
and runtime behavior.

The remainder of this paper is organized as follows.
Section II reviews fundamental concepts of Fuzzy
Logic, inference systems, and the five-layer ANFIS
architecture. Section III introduces the generalized an-
tecedent framework, the experimental protocol, the
benchmark datasets, and the computational environ-
ments evaluated. Section IV presents the empirical re-
sults, execution time, and statistical assessments un-
der the traditional CPU-based implementation. Sec-
tion V evaluates the generalized model scaled to
the GPU-accelerated ANFISpy architecture, analyz-
ing multi-class accuracy, runtime dynamics, and non-
parametric statistical tests. Section VI provides an in-
depth architectural and operational comparison be-
tween the CPU and GPU implementations. Finally,
Section VII concludes the paper and outlines future
research directions.

II. Preliminary Concepts

This section aims to review the core concepts and
ideas of the theory of fuzzy sets and adaptive neu-
ral networks that underpin our novel architectural pro-
posal.

A. Fuzzy Logic

The theory of fuzzy sets and fuzzy logic [10] is said
to generalize the classical setting as they allow el-
ements to be in various sets having different mem-
bership degrees, modeling uncertainties and linguistic
terms [18]. A Fuzzy Set (FS) A in a universe of dis-
course X ̸= ∅ is defined by its Membership Function
(MF) as follows.

Definition 2.1: The mapping µA(x) : X → [0, 1] is the
MF denoting the level of membership of the element

x to the subset A, where the FS A is given by:

A = {(x, µA(x)) : x ∈ X}. (1)

Definition 2.2: A mapping M : [0, 1]n → [0, 1] is an
n-ary aggregation function (aggregator) if it holds the
following properties [19]:

(A1) If xi ≤ yi for each i = 1, . . . , n, then
M(x1, . . . , xn) ≤ M(y1, . . . , yn) (isotonicity);

(A2) M(0, . . . , 0) = 0 and M(1, . . . , 1) = 1 (bound-
ary conditions).

The binary aggregation function called fuzzy triangu-
lar norm [20], [21], t-norm for short, is defined as fol-
lows:

Definition 2.3: A binary function T : [0, 1]2 → [0, 1],
such that ∀x, y, z ∈ [0, 1], is a t-norm if it satis-
fies: commutativity, associativity, monotonicity, and
the boundary condition: T (x, 1) = x.

In this work, we consider a diverse set of (paramet-
ric and non-parametric) t-norms, as shown in Table I,
to analyze the effects of different logical behaviors on
the performance of the generalized architecture.

B. Fuzzy Inference System & Fuzzy Control

A Fuzzy Inference System (FIS) represents decision-
making processes through linguistic if-then rules, en-
abling the development of interpretable controllers
that can serve as alternatives to complex mathematical
models [22]. A conventional FIS consists of four main
components: a fuzzification mechanism, which trans-
forms crisp input values into corresponding mem-
bership degrees; a knowledge base comprising the
database and rule base; an inference engine responsi-
ble for evaluating and combining the activated rules;
and a defuzzification unit, which converts the result-
ing fuzzy output into a crisp value [23], [24].

Fuzzy rules are expressed in the deductive form “If
antecedent then consequent”, in which the antecedent
specifies the conditions under which a rule is ac-
tivated, while the consequent determines the corre-
sponding inferred output. From a mathematical per-
spective, the behavior of the controller can be repre-
sented by a fuzzy relation R defined over the input
space X and the output space Y , as given in Eq. (2)
[25]:

µR(A,B)(x, y) = µA(x) → µB(y). (2)
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Table I: Definitions of the Parametric and Non-Parametric T-Norms Used in the Study
Definition 3D graphic Definition 3D graphic
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1) Takagi-Sugeno Controller: A Takagi-Sugeno con-
troller models the rule consequent as a linear func-
tion of the input terms, preventing a computation-
ally exhaustive defuzzification process. In a first-order
model, the output of each rule Ri is defined by fi(x) =∑

aijxj+bi, and the overall output FTS is obtained by
the weighted average [13], expressed by: FTS(x) =∑n

i=1 µAi
(x)·fi(x)∑n

i=1 µAi
(x)

, where the weights µAi
(x) correspond

to the rule activation degree. This structure resembles
a local linear regression for each activated rule [26].

Despite being robust, the manual definition of its pa-
rameters is complex in large data volumes, a gap that
the ANFIS architecture addresses by integrating NN
mechanisms for automatic adjustment.

C. Architecture & ANFIS Layers

Neural Networks are adaptive computational models
consisting of interconnected layers of neurons, with
connection weights that are iteratively updated dur-

ing the learning process to reduce the error between
predicted and desired outputs [27], [28]. Within AN-
FIS, the NN-based architecture serves as a compu-
tational representation of the fuzzy inference mecha-
nism, enabling the parameters associated with the an-
tecedent Membership Functions (MFs) and the con-
sequent functions to be learned automatically through
supervised optimization [29]. This integration pro-
vides ANFIS with the adaptive capabilities of neural
models while preserving the transparency and inter-
pretability inherent to fuzzy reasoning.

ANFIS is a neuro-fuzzy architecture that embeds a
Takagi-Sugeno FIS into a trainable neural-network
structure, making it particularly suitable for approx-
imating nonlinear mappings and modeling dynamic
or time-dependent processes [12], [30]. Its original
training procedure relies on a hybrid learning strat-
egy. During the forward pass, the Least Squares Es-
timator (LSE) determines the consequent parameters
of the linear functions, whereas the Gradient Descent
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Method (GDM) updates the premise parameters asso-
ciated with the Membership Functions. By alternating
between these two optimization mechanisms, ANFIS
efficiently tunes both sets of parameters during train-
ing [31].

In Fig. 1, the architecture comprises five layers (L1-
L5), where the output of the i-th node in layer k is
denoted by Ok

i :

• L1 (Fuzzification): extracts the membership de-
grees of the entries x in the fuzzy sets Ai: O1

i =
µAi

(x).
• L2 (Antecedent): calculates the firing strength

(ωi) of each rule via t-norms (e.g., the product t-
norm): ωi = µAi

(x) · µBi
(y).

• L3 (Normalization): normalizes the firing
strength: ω̄i =

ωi∑
ωj

.
• L4 (Consequent): applies the linear consequent

functions: O4
i = ω̄ifi = ω̄i(pix+ qiy + ri).

• L5 (Output): computes the global output like the
sum of the contributions: fout =

∑
ω̄ifi.

The training process seeks to reduce the total squared
error E =

∑
(Ti−fouti)

2, where Ti is the target value,
through forward propagation and backpropagation cy-
cles [12].

III. Generalization and Protocol of the Novel Ap-
proach

This section presents the proposed approach and the
experimental framework adopted to assess its perfor-
mance. First, we introduce the generalization of the
second layer, in which the conventional static product
operator is replaced with a flexible selection mecha-
nism. We then describe the experimental setup, cov-
ering the optimization of parametric t-norms and the
cross-validation strategy employed for model evalu-
ation. By systematically evaluating different t-norm
classes across a range of datasets, the study investi-
gates the extent to which alternative logical aggrega-
tion mechanisms affect the network’s ability to cap-
ture nonlinear relationships and accommodate data
uncertainty.

A. The proposed Generalization

The novel approach generalizes the original ANFIS
architecture of [12] by turning the antecedent gener-

ation (Layer 2) more flexible. In contrast to the tra-
ditional ANFIS, which uses the algebraic product (or
the product t-norm, TP ), the proposed architecture in-
troduces an Aggregator Selection Module in the sec-
ond layer of ANFIS. Consequently, the calculation
of the original activation strength ωi, expressed by∏n

j=1 µAij
(xj), is replaced by a generic operator B

given as follows:

ωi = B(µAi1
(x1), . . . , µAin

(xn)).

The B operator may encompass non-parametric t-
norms (TM , TŁ, TD, TNM ) and parameterized t-norms
(T F

λ , T SS
λ , TD

λ , TH
λ , T SW

λ , T Y
λ ). Moreover, n(MF ) =

2 was fixed by attribute to avoid combinatorial explo-
sion, which yielded n(R) = 2n(A) rules.

B. Configuration and Experimental Protocol

The experimental evaluation followed a structured
protocol designed to assess the predictive impact of
antecedent generalization across both computational
frameworks. Initially, datasets were preprocessed us-
ing categorical label encoding and min-max feature
normalization. To ensure statistical robustness, all
models were trained using a 5-fold cross-validation
scheme, with the reported performance (accuracy)
corresponding to the arithmetic mean across the test
folds. For the parametric t-norm families, the parame-
ter λ was optimized via an exhaustive grid search over
each family’s domain, retaining the configuration that
yielded the highest validation accuracy.

Given the differing computational profiles of the two
architectures, distinct training hyperparameters were
established:

• CPU-Based Implementation: Evaluated on the
first 15 datasets. To contain the exponential
growth of rules under sequential execution, each
attribute was partitioned into n(MF ) = 2 mem-
bership functions, yielding 2n(A) rules. The stop-
ping criterion was set to 2 epochs, as preliminary
empirical observations showed early convergence
with negligible accuracy gains in subsequent iter-
ations.

• GPU-Based Implementation: Evaluated across
all 21 benchmark datasets. Leveraging batched
GPU acceleration and efficient gradient backprop-
agation via PyTorch, the model capacity was ex-
panded to n(MF ) = 3 membership functions
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Figure 1: An adapted Sugeno structure of the ANFIS model [12].

per input feature, enabling finer fuzzy granulation
of the input domain. Furthermore, models were
trained for 100 epochs, allowing end-to-end op-
timizers to converge effectively on complex deci-
sion boundaries without encountering the runtime
constraints of the CPU framework.

In both experimental regimes, the original formula-
tion, which relies on the algebraic product t-norm
(TP ), served as the baseline for comparison against
the 11 proposed t-norm variants.

C. Considered Datasets and Execution Scope

The experimental evaluation was conducted on 21
benchmark datasets obtained from the Knowledge
Extraction based on Evolutionary Learning (KEEL)
repository [32]. Table II summarizes their main char-
acteristics, including their identifier (Id), dataset name
(Dataset name), number of instances (Inst.), input at-
tributes (Att.), and target classes (Cla.). Because the
evaluated ANFIS models require exclusively continu-
ous or numerical inputs, all categorical features were
mapped prior to training.

Due to the fundamental computational differences be-
tween the evaluated implementations, their experi-
mental execution scopes were defined as follows:

• CPU-Based Implementation: Evaluated on the
first 15 datasets (Ids 1–15). The remaining 6
datasets (Ids 16–21: Contraceptive, Magic, Page-
blocks, Shuttle, Wine, and Wisconsin) could not be
executed on this architecture. Since these bench-
marks feature higher input dimensionality (rang-
ing from 9 up to 13 attributes), the rule base

grew to prohibitive sizes (29 = 512 up to 213 =
8192 fuzzy rules). Under sequential CPU process-
ing and the standard hybrid optimization routines,
this combinatorial explosion led to critical mem-
ory exhaustion and process termination (operating
system killed signal) during training.

• GPU-Based Implementation: Successfully exe-
cuted across the complete suite of all 21 datasets
(Ids 1–21). Leveraging GPU tensor parallelism,
batched inputs, and automatic differentiation via
PyTorch, this framework managed the computa-
tional demands of larger rule bases, circumventing
out-of-memory crashes encountered on the CPU.

D. Computational Environment

The experiments performed on the datasets, seen in
Table II, were conducted on a machine equipped with
an AMD Ryzen Threadripper PRO 5955WX proces-
sor (16 physical cores and 32 threads), 64 GB of
RAM, x86-64 architecture supporting 32-bit and 64-
bit instructions, and Ubuntu 20.04 LTS OS.

The implementation was written in Python and fol-
lowed the ANFIS structure from the repository used
in [14], publicly available at [15].

Once the execution was complete, the data was pro-
cessed. The results were collected, organized, and an-
alyzed to compare the aggregator classes of the new
approach with the baseline performance (original AN-
FIS), culminating in tables for consolidating and dis-
cussing the experimental findings, which will be pre-
sented in the following section.
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Table II: Features of the Datasets Used in the Experiments

Id Dataset name Inst. Att. Cla.
1 Appendicitis 106 7 2
2 Balance 625 4 3
3 Banana 5300 2 2
4 Bupa 345 6 2
5 Ecoli 336 7 8
6 Glass 214 9 6
7 Haberman 306 3 2
8 Hayes-roth 160 4 3
9 Iris 150 4 3

10 Led7digit 500 7 10
11 Newthyroid 215 5 3
12 Phoneme 5404 5 5
13 Pima 768 8 2
14 Titanic 2201 3 2
15 Yeast 1484 8 10
16 Contraceptive 1473 9 3
17 Magic 19020 10 2
18 Pageblocks 5473 10 5
19 Shuttle 58000 9 7
20 Wine 178 13 3
21 Wisconsin 683 9 2

E. Overview of Evaluated ANFIS Structures

To evaluate the impact of antecedent generalization
under different computational paradigms, this study
considers two distinct implementations:

1) Traditional CPU-Based Architecture: The clas-
sic implementation follows the formulation by Jang
[12], which serves as the basis for the implemen-
tation by Meggs [15]. It employs a hybrid learning
procedure: during the forward pass, consequent pa-
rameters are updated via the Least Squares Estimator
(LSE) while antecedent parameters remain fixed; dur-
ing the backward pass, membership function param-
eters are refined using the Gradient Descent Method
(GDM) [12], [31]. This structure is tied to the alge-
braic product t-norm (TP ) in Layer 2 and executes se-
quentially on CPU hardware [12], [15]. Consequently,
it presents critical scalability bottlenecks as rule com-
binations grow exponentially and offers limited sup-
port for multi-class classification, which typically re-
quires applying regression thresholds [14].

2) GPU-Accelerated ANFISpy Framework: The sec-
ond approach utilizes the ANFISpy framework, in-
troduced by Monteiro and Wasques [16], which is
built natively on PyTorch. This architecture employs
GPU-accelerated batched tensor operations and eval-
uates closed-form generalized t-norm expressions for
r inputs. Instead of relying on a decoupled hybrid
algorithm, ANFISpy enables gradient-based end-to-
end optimization using contemporary optimizers such
as Adam and automatic differentiation [16]. Further-
more, the framework extends rule consequents to ac-
commodate m target classes by defining m · r lin-
ear functions combined with a Softmax layer and the
Cross-Entropy loss function, thereby providing na-
tive, scalable multiclass classification [16].

Readers are encouraged to consult [12], [15] and [16]
for further details regarding the implementation of
each paradigm.
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IV. CPU-Based Architecture: Results and Assess-
ments

This section presents the empirical results and a com-
parative performance analysis of the proposed gener-
alized architecture against the standard ANFIS base-
line. The evaluation focuses on classification accu-
racy across 15 diverse datasets, assessing how inte-
grating 12 t-norm classes affects the model’s predic-
tive power.

Table III summarizes these results, organized by
dataset (rows in alphabetical order) and fuzzy aggre-
gators (columns), including the baseline product t-
norm. The table includes the overall average accuracy
per aggregator (MAgg) and the average performance
per dataset for the new model (M_DS). Values in
bold indicate the best performance for each dataset.

The comparative analysis (Table III) shows that the
generalized architecture surpassed the baseline in 11
of 15 datasets (73.3%). In 86.6% of cases, the results
were equal to or better than the original ANFIS. No-
tably, in the Led7digit dataset (Id 10), the new ap-
proaches achieved an average accuracy of 0.1670, a
significant improvement over the 0.1360 achieved by
the standard model.

The results indicate that the proposed variants exhibit
superior consistency, with T SW

λ and T F
λ emerging

as the most effective aggregators. Performance gains
are particularly evident in datasets such as Led7digit,
while in higher-dimensional datasets (e.g., Ecoli and
Glass), flexible operators capture more complex rela-
tionships. This suggests that parametric t-norms im-
prove adaptability to nonlinear dependencies.

A. Execution time

Table IV presents the runtime performance across the
15 evaluated datasets. The results indicate that the
computational cost of the proposed ANFIS general-
ization is primarily driven by the dimensionality of
the input space rather than the number of instances.
Since the number of fuzzy rules in the ANFIS ar-
chitecture grows exponentially with the number of
attributes (2n for two membership functions per in-
put), datasets with high dimensionality, such as Yeast
(n = 8) and Glass (n = 9), exhibited the highest ex-
ecution times, reaching up to 73.37h and 41.35h, re-
spectively. The impact of the rule base size becomes

evident when comparing the Banana (Id 3) and Pima
(Id 13) datasets. Although Banana contains signifi-
cantly more instances (5300 vs. 768), its low dimen-
sionality (n = 2) results in only 4 rules, allowing exe-
cution to complete in 1.12h. In contrast, Pima (n = 8,
256 rules) requires over 32h. This confirms that the
antecedent layer complexity is the main bottleneck
for the A2-ANFIS model. Furthermore, the variability
in execution time across different t-norms was found
to be marginal, ranging from 1% to 16%. This sug-
gests that while the choice of fuzzy aggregator signif-
icantly impacts predictive accuracy, the computational
overhead of switching between different t-norms (e.g.,
Minimum TM vs. Dombi TD

λ ) is negligible within the
overall training process.

B. Statistical Analysis of Results

To validate the proposed extensions, a statistical anal-
ysis was performed following Demšar’s [33] recom-
mendations. The Friedman test yielded a p-value of
0.041, rejecting the null hypothesis and confirming
that varying the t-norms statistically alters the sys-
tem’s performance.

The Nemenyi post-hoc test identified the best aver-
age ranks for T SW

λ (4.7), TŁ (5.4), and T SS
λ (5.5), all

outperforming the standard ANFIS (7.4). Despite the
conservative nature of the Nemenyi test for k = 12
algorithms, a clear trend of performance gain was ob-
served with the proposed operators.

For a sensitive pairwise comparison (control vs. treat-
ment), the Wilcoxon signed-rank test confirmed that
T SW
λ (p = 0.0251) and TŁ (p = 0.0425) significantly

outperform the original ANFIS (p < 0.05). These re-
sults indicate that replacing the algebraic product with
flexible t-norms yields a genuine optimization of in-
ference capacity, with T SW

λ standing out as the most
robust choice.

V. GPU-Based Architecture: Results and Assess-
ments

This section presents the experimental results and
comparative performance analysis of the general-
ized antecedent layer implemented within the GPU-
accelerated ANFISpy framework [16]. Unlike the
CPU baseline, which was computationally bounded to
15 datasets, this environment evaluates the full bench-
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Table III: Accuracy Results of the T-Norm Classes Across 15 Datasets Using the CPU-Based
Implementation

Id ANFIS (TP ) TD
λ TF

λ TH
λ TSS

λ TSW
λ TY

λ TAA
λ TM TŁ TD TNM M_DS

1 0.8775 0.8684 0.8775 0.8775 0.9152 0.8957 0.8957 0.8775 0.8775 0.8957 0.8684 0.8775 0.8842
2 0.6864 0.6864 0.6864 0.6864 0.6864 0.6928 0.6864 0.6864 0.6864 0.6864 0.6864 0.6864 0.6870
3 0.5674 0.5672 0.5674 0.5674 0.5674 0.5617 0.5666 0.5666 0.5666 0.5613 0.5632 0.5613 0.5652
4 0.7101 0.7101 0.7101 0.7101 0.7420 0.7101 0.7101 0.7101 0.7101 0.7101 0.7101 0.7101 0.7130
5 0.2620 0.2709 0.2709 0.2709 0.2710 0.3215 0.2710 0.2709 0.2709 0.2710 0.2650 0.2650 0.2745
6 0.4577 0.4670 0.4577 0.4577 0.4577 0.4720 0.4670 0.4577 0.4577 0.4672 0.4670 0.4577 0.4624
7 0.7451 0.7451 0.7451 0.7451 0.7614 0.7451 0.7451 0.7451 0.7451 0.7451 0.7451 0.7451 0.7466
8 0.7496 0.7496 0.7496 0.7496 0.7496 0.7496 0.7496 0.7696 0.7496 0.7496 0.7496 0.7496 0.7514
9 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733 0.9733

10 0.1360 0.2260 0.2300 0.2260 0.1360 0.1360 0.1360 0.1960 0.2300 0.1360 0.1100 0.1040 0.1696
11 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140 0.8140
12 0.7515 0.7519 0.7517 0.7518 0.7515 0.7519 0.7519 0.7517 0.7517 0.7519 0.7519 0.7519 0.7518
13 0.7799 0.7786 0.7812 0.7799 0.7799 0.7877 0.7786 0.7812 0.7812 0.7877 0.7786 0.7812 0.7814
14 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.7760 0.6820 0.7760 0.7675
15 0.3235 0.3228 0.3221 0.3241 0.3235 0.3302 0.3228 0.3221 0.3221 0.3302 0.3228 0.3235 0.3242

MAgg 0.6407 0.6472 0.6475 0.6473 0.6470 0.6478 0.6429 0.6465 0.6475 0.6437 0.6325 0.6384

Table IV: Runtime Analysis by Dataset Under the CPU-Based Implementation

Id Rules Inst. Avg(h) Max(h)
1 27 106 3.16 4.47
2 24 625 0.59 0.59
3 22 5300 1.12 1.12
4 26 345 1.92 1.92
5 27 336 3.45 3.45
6 29 214 41.35 45.81
7 23 306 1.19 1.19
8 24 160 1.29 1.29
9 24 150 1.46 1.46
10 27 500 4.89 4.89
11 25 215 1.80 1.80
12 25 5404 14.58 16.89
13 28 768 32.83 46.51
14 23 2201 6.35 6.35
15 28 1484 73.37 74.45

mark of 21 datasets under a higher model capacity
(n(MF ) = 3) and 100 training epochs across the 12
t-norm classes.

Table V summarizes the cross-validation classifica-
tion accuracies obtained across all 21 datasets, report-
ing the baseline ANFIS (TP ), the 11 alternative ag-
gregators, the aggregator average (MAgg), and the av-
erage performance per dataset for the proposed mod-

els (M_DS). Bold entries denote the highest accuracy
achieved for each dataset.

The empirical data reveal that the proposed general-
ized architecture achieved superior or equivalent ac-
curacy compared to the standard ANFIS baseline (TP )
across 16 out of the 21 datasets (76.19% of the test
suite). Specifically:
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Table V: Results of the Classes of T-Norms Applied to the Datasets in ANFISpy

Id ANFIS (TP ) TD
λ TF

λ TH
λ TSS

λ TSW
λ TY

λ TAA
λ TM TŁ TD TNM M_DS

1 0.8208 0.8299 0.8303 0.8208 0.8485 0.8866 0.8580 0.8199 0.8022 0.8494 0.8017 0.7641 0.8283
2 0.1120 0.1168 0.2992 0.1168 0.0848 0.0912 0.0832 0.2880 0.1200 0.0832 0.2688 0.0784 0.1482
3 0.7989 0.8320 0.7989 0.8148 0.7678 0.7028 0.7631 0.8342 0.7963 0.6600 0.5516 0.6489 0.7428
4 0.4186 0.4186 0.4186 0.4186 0.4186 0.4186 0.4186 0.4186 0.4186 0.4186 0.4186 0.4186 0.4186
5 0.4256 0.4256 0.4256 0.4256 0.4256 0.4256 0.4256 0.4256 0.4256 0.4256 0.4256 0.4256 0.4256
6 0.3271 0.3271 0.3271 0.3271 0.3271 0.3271 0.3271 0.3271 0.3271 0.3271 0.3271 0.3271 0.3271
7 0.7344 0.7344 0.7344 0.7344 0.7344 0.7344 0.7344 0.7344 0.7344 0.7344 0.7344 0.7344 0.7344
8 0.5887 0.6053 0.5887 0.6217 0.4013 0.3770 0.3770 0.7057 0.5730 0.3770 0.4343 0.3770 0.4944
9 0.3241 0.3241 0.3241 0.3241 0.3241 0.3241 0.3241 0.3241 0.5954 0.3241 0.3375 0.3241 0.3500

10 0.5266 0.5487 0.5600 0.5488 0.5189 0.5301 0.5264 0.5413 0.5152 0.5191 0.4741 0.4926 0.5250
11 0.6977 0.6977 0.6977 0.6977 0.6977 0.6977 0.6977 0.6977 0.6977 0.6977 0.6977 0.6977 0.6977
12 0.7809 0.7685 0.7809 0.7865 0.7501 0.7396 0.7585 0.7705 0.7483 0.7203 0.7049 0.7299 0.7507
13 0.6510 0.6510 0.6510 0.6510 0.6510 0.6510 0.6510 0.6510 0.6510 0.6510 0.6510 0.6510 0.6510
14 0.4411 0.4051 0.4411 0.4415 0.4233 0.4051 0.4233 0.5146 0.3957 0.4051 0.4233 0.4051 0.4257
15 0.5189 0.4899 0.5352 0.5297 0.5284 0.3614 0.3099 0.4919 0.4919 0.3262 0.4851 0.3870 0.4488
16 0.4610 0.4774 0.4658 0.4692 0.4555 0.4227 0.4275 0.4337 0.4747 0.4220 0.4918 0.4528 0.4539
17 0.7702 0.7713 0.7697 0.7702 0.7839 0.6341 0.6488 0.6488 0.7745 0.6293 0.6477 0.7524 0.7119
18 0.9070 0.9398 0.9216 0.9124 0.9160 0.8959 0.8978 0.9033 0.9197 0.8978 0.9398 0.8960 0.9127
19 0.9655 0.9085 0.9834 0.9664 0.9747 0.8262 0.7844 0.7844 0.9683 0.8221 0.7899 0.9370 0.8859
20 0.9775 0.9495 0.9716 0.9717 0.9832 0.3314 0.3314 0.3314 0.9379 0.3314 0.3314 0.8483 0.6654
21 0.9649 0.9686 0.9575 0.9538 0.9593 0.6895 0.5619 0.5730 0.9630 0.7024 0.9261 0.8742 0.8299

MAgg 0.6292 0.6281 0.6420 0.6335 0.6178 0.5463 0.5395 0.5819 0.6348 0.5392 0.5649 0.5820 0.5918

• Peak Performance Gains: The alternative t-
norms strictly outperformed the standard model
in 11 datasets (Ids 1, 2, 3, 8, 9, 10, 12, 15, 16,
17, 18, 19, 20, and 21). Notable performance im-
provements occurred in Balance (Id 2), where T F

λ

elevated accuracy from 0.1120 to 0.2992 (a 167%
gain), and in Iris (Id 9), where the Minimum t-
norm (TM ) reached 0.5954 versus 0.3241 for the
baseline.

• High-Dimensional Scalability: In the 6 datasets
that could not be executed on the CPU baseline
(Ids 16–21, with up to 13 attributes), the general-
ized operators systematically identified better an-
tecedent representations. For instance, T SS

λ deliv-
ered the highest accuracies in Magic (0.7839) and
Wine (0.9832), while T F

λ achieved 0.9834 in Shut-
tle.

• Aggregator Efficacy: Across the full benchmark,
the Frank family (T F

λ ) demonstrated the highest
overall consistency, attaining the top average ac-
curacy of MAgg = 0.6420, followed closely by the
Minimum operator (TM = 0.6348) and Hamacher
(TH

λ = 0.6335), all outperforming the classic

product baseline (0.6292).

A. Execution Time

Table VI reports the runtime performance of AN-
FISpy across the 21 evaluated datasets. The empiri-
cal results demonstrate that input dimensionality (n) is
the primary computational bottleneck, due to the ex-
ponential growth inherent in grid partitioning. Given
s = 3 membership functions per attribute, the an-
tecedent rule base scales as 3n. Furthermore, for clas-
sification tasks with m classes, ANFISpy evaluates
m · 3n linear consequent functions (one dedicated
equation per class for each rule), proportionally ex-
panding the output tensor dimensions optimized dur-
ing backpropagation.

This structural complexity directly dictates training
runtime. The most demanding case was Wine (ID 20,
n = 13), where 313 = 1, 594, 323 rules required an av-
erage runtime of 06h54m10s (peaking at 13h35m23s),
followed by benchmarks with n = 10 and n = 9 (IDs
17, 18, and 19).

Conversely, instance volume exerts a secondary im-
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Table VI: Runtime Analysis by Dataset in ANFISpy

Id Rules (3n) Inst. Avg (hh:mm:ss) Max (hh:mm:ss)
1 37 106 00:00:17 00:00:26
2 34 625 00:00:21 00:00:25
3 32 5300 00:01:24 00:01:28
4 36 345 00:00:24 00:00:37
5 37 336 00:01:05 00:01:38
6 39 214 00:03:36 00:05:11
7 33 306 00:00:09 00:00:10
8 34 160 00:00:04 00:00:04
9 34 150 00:00:04 00:00:05
10 37 500 00:00:38 00:00:55
11 35 215 00:00:17 00:00:22
12 35 5404 00:03:41 00:03:57
13 38 768 00:02:31 00:04:01
14 33 2201 00:00:03 00:00:03
15 38 1484 00:13:35 00:21:30
16 39 1473 00:10:39 00:17:13
17 310 19020 01:16:38 02:05:55
18 310 5473 01:29:27 02:21:28
19 39 58000 00:39:48 01:02:15
20 313 178 06:54:10 13:35:23
21 39 683 00:03:05 00:04:44

Note: 3n denotes the number of antecedent rules for n attributes (3 MFs per variable). In classification tasks with m classes,
ANFISpy generates m · 3n consequent outputs.

pact on training time, thanks to batched tensor exe-
cution and native GPU acceleration in PyTorch. This
behavior is highlighted by comparing Shuttle (ID 19)
and Wine (ID 20): despite containing 58,000 instances
versus 178, Shuttle’s lower dimensionality (n = 9,
39 = 19, 683 rules) resulted in an average completion
time of 39m48s. Across small-to-moderate rule bases
(32 to 37, IDs 1–15), ANFISpy scaled efficiently, fin-
ishing within a few seconds to a few minutes.

B. Statistical Analysis of Results

To rigorously evaluate the experimental findings
across the 21 benchmark datasets, non-parametric sta-
tistical tests were conducted in accordance with the
standard methodology proposed by Demšar [33].

The Friedman test was first executed to determine
whether the choice of t-norm yields statistically sig-
nificant discrepancies in classification performance.
The test yielded a statistic of χ2

F = 62.1873 with an

associated p-value of 3.6284× 10−9 (p ≪ 0.05). This
definitively rejects the null hypothesis of equivalent
performance across all candidates, verifying that an-
tecedent aggregator selection significantly influences
ANFIS learning capability.

Regarding mean algorithmic rankings (where lower
values denote superior accuracy), the Frank paramet-
ric family (T F

λ ) attained the top position with an av-
erage rank of 4.4524, followed by Hamacher (TH

λ ,
4.7143) and Dombi (TD

λ , 5.0952), all outranking the
canonical algebraic product baseline (TP , 5.3571).
Conversely, nilpotent and drastic operations displayed
substantial degradation, with the Łukasiewicz t-norm
(TŁ) recording the lowest rank (8.6429). The post-
hoc Nemenyi test established a Critical Distance of
CD = 3.6363 (α = 0.05, k = 12, N = 21). While the
conservative nature of the all-pairwise Nemenyi test
did not detect isolated statistical distinctions against
the control model under the critical threshold, the
monotonic advantage of parametric formulations re-
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mains evident.

To provide a more sensitive pairwise assessment be-
tween the control baseline (TP ) and each proposed
aggregator, the Wilcoxon signed-rank test was con-
ducted. The analysis confirmed that the Frank aggre-
gator (T F

λ ) achieves a statistically significant improve-
ment over the standard product operator (W = 8.0,
p = 0.0469 < 0.05). Additionally, the Hamacher op-
erator (TH

λ ) showed a marked positive trend border-
ing significance (W = 15.0, p = 0.0597). In con-
trast, restrictive t-norms including TŁ (p = 0.0019),
TNM (p = 0.0010), TSW (p = 0.0052), and TD (p =
0.0309) exhibited statistically significant drops in ac-
curacy. These results confirm that smooth, parameter-
tunable t-norms provide superior numerical stabil-
ity and adaptive capacity in multi-class GPU-based
neuro-fuzzy inference.

VI. Comparative Analysis: CPU-Based vs. GPU-
Accelerated ANFIS

The empirical evaluations highlight fundamental ar-
chitectural trade-offs between the CPU-based AN-
FIS and the GPU-accelerated ANFISpy framework.
In low-dimensional settings (n ≤ 4), the traditional
CPU implementation achieves rapid analytical con-
vergence within very few epochs by identifying linear
consequents via the Least Squares Estimator (LSE).
However, its sequential execution and reliance on
ad hoc regression thresholds create severe memory-
exhaustion bottlenecks when scaling to higher feature
dimensions, rendering rule bases with more than 28

rules intractable.

Conversely, ANFISpy leverages PyTorch tensor paral-
lelism to evaluate massive rule bases (up to 313 rules)
without memory crashes, replacing decoupled hy-
brid updates with smooth end-to-end backpropagation
via modern gradient optimizers. Furthermore, its na-
tive multi-class formulation provides well-calibrated
class probability distributions by allocating m linear
consequent equations per rule. Nevertheless, this pa-
rameter expansion creates a structural trade-off: on
small, moderate-dimensional datasets, allocating m ·
r consequent parameters risks over-parameterization
and numerical instability in sparse input regions,
whereas continuous parametric t-norm families (e.g.,
Frank and Hamacher) significantly improve gradient
flow and overall predictive stability across large-scale

benchmarks.

VII. Conclusions

This work investigated the structural generalization of
the Adaptive Neuro-Fuzzy Inference System by pro-
viding more flexibility to its second layer (antecedent
rule aggregation). Moving beyond the rigid, canoni-
cal algebraic product t-norm (TP ), we systematically
evaluated parametric and non-parametric t-norm fam-
ilies under two contrasting computational paradigms:
the classical CPU-based architecture and the GPU-
accelerated ANFISpy framework. In the traditional
CPU baseline, 11 alternative aggregators were inte-
grated into the standard hybrid learning scheme. In
contrast, the GPU-based ANFISpy framework, which
originally provided only 5 native aggregators, was sig-
nificantly extended in this work to support 12 diverse
t-norm classes, fully leveraging tensor parallelization,
native multiclass cross-entropy loss, and automatic
differentiation.

The empirical findings from both experimental stages
demonstrate that the selection of antecedent opera-
tors directly affects classification accuracy and adap-
tive modeling capacity. In the CPU framework, the
Sugeno-Weber (T SW

λ ) and Łukasiewicz (TŁ) opera-
tors proved most effective, outperforming the base-
line across 73.3% of the 15 executable datasets. In
the GPU environment, evaluated across the com-
plete suite of 21 datasets with expanded rule capac-
ities (3n), smooth parametric families, specifically
Frank (T F

λ ) and Hamacher (TH
λ ), demonstrated su-

perior numerical stability and gradient propagation.
Non-parametric statistical evaluations (Friedman and
Wilcoxon signed-rank tests) confirmed that replac-
ing the fixed algebraic product operator with para-
metric aggregators such as T F

λ yields statistically sig-
nificant accuracy gains over the standard formulation
(p < 0.05).

The architectural comparison revealed distinct oper-
ational profiles for each paradigm. While the CPU
implementation offers rapid convergence on low-
dimensional spaces (n ≤ 4) via Least Squares Es-
timation, it hits an insurmountable scalability wall
on high-dimensional datasets (n ≥ 9) due to mem-
ory exhaustion and sequential processing constraints.
Conversely, ANFISpy eliminates out-of-memory ter-
minations and successfully executes rule bases ex-
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ceeding 1.5 million rules (e.g., in Wine). However, its
multi-class parameter formulation (m · 3n linear con-
sequents) demands careful regularization in sample-
scarce settings to avoid over-parameterization, while
highlighting that continuous, parameter-tunable t-
norms are essential for maintaining stable backpropa-
gation.

Future research will focus on two practical avenues
directly aimed at mitigating the curse of dimension-
ality inherent to grid partitioning. First, we plan to
integrate feature selection techniques (such as tree-
based importance and mutual information filters) prior
to fuzzification, effectively reducing the input dimen-
sion (n) on dense datasets like Wine and enabling
smaller rule bases without sacrificing informative fea-
tures. Second, we intend to explore data-driven clus-
tering methods, such as Fuzzy C-Means, to define
prototype-based rules instead of Cartesian grid par-
titions, constraining the rule set to a fixed number of
clusters and eliminating the 3n combinatorial growth
during GPU backpropagation.
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