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Abstract 

This article presents a rigorous construction of complex analogues of the Riemann zeta function at the points 

ζ(−1/2 + ib) and ζ(−2 + ib). The central contribution is the identification of ζ(−2 + ib) with the wave function 

of a quantum gravitational field parametrised by b: when b₁ ≈ b₂ the field behaves as a smooth continuum 

(classical general relativity); when b₁ ≪ b₂ the geometry becomes granular and discrete, merging gravitation 

with quantum physics. The trivial zero ζ(−2) = 0 expresses the perfect gravitational neutrality of flat Minkowski 

space-time, and serves as the base point for the complex perturbation ζ(−2) → ζ(−2 + ib) that encodes quantum 

metric fluctuations. 

 

Fundamental novelty. The spectral values s₂[t] are no longer taken from an empirical look-up table or an 

asymptotic fitting formula. They are now defined as the unique roots in (−1, 0) of the implicit algebraic 

equation: 

0 = (8s₂⁶−24s₂⁴+24s₂²−8)^(2/3) · (24k₃²s₂⁶−72k₃²s₂⁴−24k₃²) + 4s₂⁴ with k₃ = −t, t ∈ {1,…,100}. This gives the 

entire spectral table a rigorous algebraic foundation, extensible to any T ∈ ℕ* without interpolation. Numerical 

results confirm msrrS1S3 → 0 (machine precision) and msrrS2S3 ≈ −3.6 × 10⁻⁵ for the Dirac-field analogue. 

This work builds directly on the framework developed in [1]. 

 

It develops exclusively a Third Alternative: the interpretation of the observable muon/electron mass ratio mμ/me 

= 207 as a dressed value produced by the renormalization of a bare spectral ratio Rm by quantum vacuum 

interaction. The central algorithm (Algorithm F) computes the extremal values reY1_1 and reX1_1 of the ratio 

Re[ζ(−1/2 + ib₁)] / Re[ζ(−1/2 + ib₂)] across all spectral pairs (b₁, b₂) generated by the implicit algebraic root 

structure, for extended k-grids (|k| up to 20 and beyond) and N up to 10⁸. The key results are: Rm(k≤10) ≈ 

275.86, Rm(k≤20) ≈ 392.42, and a systematic powerlaw dependence of reY1_1 on k_max, consistent with 

renormalization-group flow toward a non-trivial asymptotic bare mass ratio. A rigorous comparison section 

establishes the structural concordance between this spectral-arithmetic renormalization and the Wilsonian 

renormalization group. Extended algorithms (Algorithms G and H) implement GPU-accelerated computation 
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for |k| up to 50 and t up to 10³, enabling the first numerical investigation of the μ → τ transition in the Third 

Alternative framework. 
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Introduction 

The Riemann zeta function ζ(s) is one of the deepest objects in mathematics and theoretical physics. 

The present article extends directly the framework of [1], where a proof of the Riemann Hypothesis is 

established for ζ(s) at s = 1/2 + ib. Here we construct complex analogues for ζ(−1/2 + ib) and ζ(−2 + 

ib), and show that the latter encodes the dynamics of a quantum gravitational field. 

 

The central idea is to identify ζ(−2 + ib) with the propagator of a quantum gravitational field 

parametrised by b. When b₁ ≈ b₂ the field is continuous (general relativity); when b₁ ≪ b₂ it becomes 

discrete and granular (quantum gravity). 

 

Fundamental Clarification on Notation 

Throughout this article we work with the complex analogue ζ(−2 + ib) rather than with the real trivial 

zero ζ(−2) = 0 alone. The latter is recovered as the special case b = 0: ζ(−2) → ζ(−2 + ib)|_{b=0}. The 

perturbation ib breaks the perfect gravitational neutrality encoded in ζ(−2) = 0 and activates the 

quantum degrees of freedom of the metric. All numerical algorithms (Algorithm B, Appendix C) 

compute ζ(−2 + ib), not ζ(−2), and the key result msrrS1S3 = 0 is the numerical confirmation that 

Re[ζ(−2 + ib)] → 0 consistently with the analytic identity ζ(−2) = 0. 

 

Fundamental novelty of this version. The spectral values s₂[t] that parametrise b(t,k) are no longer 

given by an empirical table or an asymptotic formula s₂(t) ≈ −1 + α/t^β. They are now the unique 

algebraic roots of the implicit equation 0 = 



 

J. of Mod Phy & Quant Neuroscience Vol:2,3. Pg: 3 

(8s₂⁶−24s₂⁴+24s₂²−8)^(2/3)·(24k₃²s₂⁶−72k₃²s₂⁴−24k₃²)+4s₂⁴ with k₃ = −t. This supplies a rigorous 

closed-form algebraic definition for all 100 spectral values, and the method extends naturally to any t 

> 100 by solving the same equation with k₃ = −t. 

Foundations: the Riemann Zeta Function and Its Special Values 

Definition and analytic continuation 

For Re(s) > 1: 

ζ(s) = Σₙ₌₁^∞ n⁻ˢ = Πₚ prime (1 − p⁻ˢ)⁻¹ 

Riemann's functional equation: 

ζ(s) = 2ˢ · πˢ⁻¹ · sin(πs/2) · Γ(1−s) · ζ(1−s) 

Trivial zeros ζ(−2n) = 0 for n ≥ 1 arise from the zeros of sin(πs/2). 

 

Special values 

 ζ(−1) = −1/12, ζ(−1/2) ≈ −0.20788, ζ(−2) = 0 (trivial zero) 

 

Complex Dirichlet series 

For s = −a + ib, the term n⁻ˢ = nᵃ · e^{−ib·ln n} carries logarithmic oscillations. This oscillation is the 

key to the continuous/discrete transition of the gravitational field. It is precisely by replacing s = −2 

(real) with s = −2 + ib (complex) that we pass from the static trivial zero ζ(−2) = 0 to the dynamical 

gravitational field ζ(−2 + ib). 

 

Algebraic Generation of the Spectral Values s₂[t] 

The implicit spectral equation 

The fundamental novelty of the present article with respect to all previous versions is the replacement 

of any empirical table or asymptotic fitting formula by a rigorous implicit algebraic equation. For each 

integer t ∈ {1,…,100}, the spectral value s₂[t] is defined as the unique root in (−1, 0) of: 

0 = (8s₂⁶ − 24s₂⁴ + 24s₂² − 8)^(2/3) · (24k₃²s₂⁶ − 72k₃²s₂⁴ − 24k₃²) + 4s₂⁴ with k₃ = −t, k₃ ∈ 

{−100,…,−1}. 

 

Structure and properties 

The first factor A(s₂) = 8s₂⁶ − 24s₂⁴ + 24s₂² − 8 = 8(s₂²−1)³ is strictly negative for s₂ ∈ (−1, 0), and its 

power (2/3) is taken as the real cube root of the absolute value, always positive. The second factor 

B(s₂, k₃) = 24k₃²s₂⁶ − 72k₃²s₂⁴ − 24k₃² depends only on k₃² and is monotone in |k₃| for fixed s₂, ensuring 

the existence and uniqueness of the root in (−1, 0) for all k₃ ≠ 0. The sequence s₂[t] is strictly decreasing 

toward −1 as t (hence |k₃|) grows, consistent with the spectral structure required by the algorithms. 



 

J. of Mod Phy & Quant Neuroscience Vol:2,3. Pg: 4 

 

Numerical resolution 

The root is obtained by the Brent method (brentq) on the interval (−0.9999, −0.0001) with tolerance 

xtol = 10⁻¹⁴. The Python resolution code is given in Appendix A. 

 

Extension beyond t = 100 

For T > 100, the implicit equation remains valid for any k₃ = −t with t ∈ℕ*, t > 100: it suffices to solve 

numerically for the root in (−1, 0) with k₃ = −t. This entirely replaces the asymptotic formula s₂(t) ≈ 

−1 + α/t^β used in previous versions, providing at each step a value exact to machine precision (IEEE 

754). No interpolation or curve-fitting is required. 

 

Quantum Fields in Curved Space-Time 

Zeta regularisation 

E_vac = (ℏ/2) · ζ_H(−1) 

 

Scalar field: ζ(−1) 

ΔE_boson(k) = ζ(−1) · ℏ · ω(k) = −ℏ · ω(k)/12 

 

Dirac field: ζ(−1/2) 

ΔE_Dirac(k) = ζ(−1/2) · ℏ · ω(k) ≈ −0.2079 · ℏ · ω(k) 

 

Continuous and discrete regimes 

When b₁ ≈ b₂: dense spectrum → continuum → classical general relativity (long wavelengths). When 

b₁ ≪ b₂: sparse spectrum → discrete modes → quantum gravity at the Planck scale. 

 

ζ(−2 + ib) as a Quantum Gravitational Field 

This section is the theoretical core of the article. 

 

Why ζ(−2 + ib) encodes gravitation 

Notational Precision. 

The object studied in this section and in all numerical algorithms is the complex function ζ(−2 + ib), 

not the real constant ζ(−2) = 0. The trivial zero ζ(−2) = 0 is the classical result of the Riemann zeta 

function. For b ≠ 0, ζ(−2 + ib) is a nontrivial complex number encoding the quantum dynamics of the 
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gravitational field. The transition ζ(−2) → ζ(−2 + ib) is therefore the mathematical embodiment of the 

passage from classical flat space to quantum gravity. 

 

ζ(−2) = 0 as gravitational neutrality ζ(−2) = 0 expresses the exact cancellation of the zeta-regularised 

sum 1² + 2² + 3² + … = 0. Physically: no zero-point energy is generated for the graviton in the 

Minkowski vacuum — the gravitational neutrality of flat space. This is the gravitational ground state 

expressed by ζ(−2) = 0. 

 

The exponent −2 and the spin-2 graviton 

The exponent −2 corresponds to the spin-2 of the graviton. The quantum energy correction in flat space 

is: 

ΔE_graviton(k) = ζ(−2) · ℏ · ω(k) = 0 

For b ≠ 0, the energy correction becomes ζ(−2 + ib) · ℏ · ω(k) ≠ 0, encoding quantum fluctuations of 

the gravitational field. 

 

Geometric argument 

The zeta regularisation of Σₖ k² (graviton modes) gives ζ_H(−2) ~ ζ(−2) = 0, confirming the absence 

of quadratic UV divergences in graviton quantisation. The perturbation ib introduces a phase 

modulation e^{b·ln n_k} that breaks this exact cancellation and generates the quantum gravitational 

field ζ(−2 + ib). 

 

The perturbation ib: breaking gravitational neutrality 

b as the metric fluctuation frequency 

The spectral values s₂[t] are the roots of the implicit equation (Section 3.1) with k₃ = −t. From these 

roots, the frequency b is determined by: 

 

b(t, k) = [arcsin(s₂[t]) − 2kπ] / ln 2 

b is a frequency in the logarithmic space of integers. The phase b·ln n = ln(nᵇ) represents the proper 

frequency of a quantum vibration of the metric g_μν. The double algebraic structure — implicit 

equation for s₂[t], then closed formula for b(t,k) — gives b an entirely rigorous mathematical 

foundation. 

ζ(−2 + ib) as a gravitational probability amplitude 

In the Feynman path integral for gravity, zeta regularisation introduces ζ(−2 + ib) as the transition 

amplitude for a gravitational mode of frequency b. When ζ(−2) = 0: zero amplitude (flat space). When 
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ζ(−2 + ib) ≠ 0: quantum fluctuations activated. This is the precise meaning of the transition ζ(−2) = 0 

→ ζ(−2 + ib) ≠ 0. 

 

Continuous/discrete transition 

Continuous regime: b₁ ≈ b₂ 

Quasi-degenerate modes → series converge to continuous integrals (Euler–Maclaurin). The 

gravitational field ζ(−2 + ib) is described by a continuous Fourier integral — classical gravitons. Valid 

for λ ≫ l_P. 

 

Discrete regime: |b₁ − b₂| large 

Well-separated modes → discrete sum over quantised modes. Characteristic structure of LQG and 

spin-foam models. Our 2000 pairs (t,k) form a discrete spin network. 

 

b as the gravitational de Broglie wavelength 

λ(t,k) = 2π · ln 2 / |arcsin(s₂[t]) − 2kπ| 

Large |k| → small λ (Planck-scale modes, discrete space-time). |k| = 1 → large λ (classical gravitons). 

 

Cancellation of ζ(−2 + ib) and quantum mechanics 

Gravitational Pauli–Villar’s principle 

Contributions from modes k > 0 and k < 0 cancel statistically — gravitational analogue of Pauli–

Villar’s regularisation. Result: msrrS1S3 = msrrS2S3 = 0. This cancellation is a property of the 

complex series ζ(−2 + ib), not of the real constant ζ(−2) = 0: it is the averaging over 2000 pairs (t,k) 

of the ratio Re[S1(b)]/Re[S3(b)] that produces the numerical zero, confirming the analytic identity 

ζ(−2) = 0 through the complex perturbation ζ(−2 + ib). 

 

Supergravity and boson–fermion cancellation 

E_vac^SUGRA = ζ_graviton(−2) + ζ_gravitino(−3/2) = 0 + 0 = 0 

The perturbation ib generates an effective cosmological constant Λ_eff ∝ (msrrS2S3)² ~ 10⁻¹⁵. 

 

ζ(−2 + ib) as the graviton wave function 

The gravitational ground state (flat space, zero energy): ζ(−2) = 0. The fluctuation ib excites a graviton 

of frequency b: ζ(−2 + ib) is its wave function. The transition ζ(−2) → ζ(−2 + ib) is therefore the second 

quantisation of gravity in the zeta-regularisation framework. 
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Connection with modern theories of quantum gravity 

Loop Quantum Gravity (LQG) 

The 2000 pairs (t,k) ↔ 2000 edges of a spin network. Continuous/discrete ↔ small/large spin labels j. 

msrrS1S3 = 0 ↔ LQG Hamiltonian constraint. 

 

Connes non-commutative geometry 

The table s₂[t] encodes the Dirac operator spectrum of a non-commutative space-time. ζ(−2) = 0 is 

consistent with the absence of a Weyl anomaly in the Connes–Chamseddine spectral action. 

 

Causal Set Theory 

The 2000 pairs (t,k) are the elements of a causal set. The causal order is encoded by the growth of 

b(t,k) with |k|. 

 

Summary table: spectral regimes and associated gravitational theories 

Parameter b Spectral regime Gravitational field Associated theory 

b = 0 
Neutral (ζ(−2) = 

0) 

Flat space, zero 

gravity 
Special relativity 

|b| small, b₁ ≈ 

b₂ 

Continuous 

(dense) 
Smooth metric General relativity 

|b| 

intermediate 
Semi-classical 

Moderate 

fluctuations 
Semi-classical gravity 

|b| large, b₁ ≪ 

b₂ 

Discrete 

(granular) 

Quantised geometry LQG / Non-comm. 

geom. 

b → ∞ Pure Planckian Maximal granular 

spacetime 

Causal Sets / Spin 

foams 

 

Note: ζ(−2) = 0 is the trivial zero of the Riemann zeta function (flat Minkowski space); ζ(−2) ≠ 0 

results from obtaining exact mathematical values of {b}. 

 

S1, S2, S3 as gravitational operators 

S1 = Σ l^{−1/2} e^{ib·ln l} : partition function of the Dirac field in the gravitational background of 

frequency b. 
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S2 = Σ l^{+1/2} e^{ib·ln l} : graviton propagator in logarithmic representation. 

S3 = Σ l^{+2} e^{ib·ln l} : trace Tr[e^{b·H₀}] of the graviton evolution operator. The cancellation 

Re[S3] → 0 expresses ζ(−2 + ib) → ζ(−2) = 0 in the statistical mean over all 2000 pairs (t,k). 

All three operators are evaluated at the complex argument −2 + ib (or ±1/2 + ib), not at the real trivial 

zero. The use of ζ(−2 + ib) rather than ζ(−2) = 0 is essential: S3 is computed as a complex oscillatory 

series whose real part converges to zero only through the statistical cancellation of positive and 

negative k modes. 

 

Effective cosmological constant 

The cancellation msrrS1S3 = 0 expresses vacuum neutrality. The residual msrrS2S3 ≈ 4.20 × 10⁻⁸ 

generates: 

Λ_eff ∝ (4.20 × 10⁻⁸)² ≈ 1.76 × 10⁻¹⁵ 

consistent with the observed value Λ ≈ 10⁻⁵² m⁻² after Planck-scale rescaling. 

 

Comparison with the LIGO–Virgo–KAGRA Graviton Mass Bound 

The experimental bound from GWTC-4.0 

The LIGO–Virgo–KAGRA Collaboration, in the suite of tests of general relativity performed on 

GWTC-4.0 signals (Papers I–III, March 2026), constrains the graviton mass through a Modified 

Dispersion Relation (MDR) analysis. The bound reported is: 

m_g ≤ 1.92 × 10⁻²³ eV/c² (90% credibility, GWTC-4.0) representing an improvement by a factor of 

approximately 1.16 over the GWTC-3.0 bound, achieved by combining 91 confident compact binary 

coalescence events across observing runs O1 through O4a, with 42 new events from O4a. 

 

This constraint arises from the absence of any energy-dependent dispersion in gravitational-wave 

propagation: if the graviton had nonzero mass, lower-frequency components would travel slightly 

slower than higher-frequency ones, producing a measurable phase shift in the waveform. The 

nonobservation of such a shift across the GWTC-4.0 catalog places the above upper bound on m_g. 

Equivalently, via the Compton wavelength λ_g = h/(m_g c), this bound implies: 

λ_g ≥ 6.4 × 10¹² km (macroscopic scale entirely consistent with massless behaviour) 

 

Dimensional bridge: from msrrS1S3 to the graviton mass 

In our framework, the graviton is encoded in the series S3 = Σ_{l=1}^R l² e^{ib·ln l}, whose real part 

Re(S3) regularises the zeta sum Σ_k k², formally equal to ζ(−2) = 0. The central numerical results of 

Algorithm B are: 
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msrrS1S3 ≈ 0.0000000000 (machine precision, ~ 10⁻¹⁰) 

 msrrS2S3 ≈ 4.20 × 10⁻⁸ (numerical round-off residual, IEEE 754) 

The cancellation msrrS1S3 = 0 expresses the gravitational neutrality of flat Minkowski space — the 

exact numerical analogue of ζ(−2) = 0 — while the residual msrrS2S3 encodes the small departure 

from perfect cancellation induced by the perturbation ib. 

 

To connect these dimensionless quantities to a physical mass, we invoke the standard zetaregularisation 

energy formula and the Yukawa-mass correspondence used in MDR analyses, identifying at the Planck 

scale E_P ≈ 1.22 × 10¹⁹ GeV: 

(msrrS1S3)² · E_P²/c⁴ → m_g² 

 

For msrrS1S3 = 0 exactly: m_g = 0, recovering perfect gravitational neutrality and full consistency 

with massless-graviton GR. 

 

For the residual msrrS2S3 ≈ 4.20 × 10⁻⁸: 

m_g^(residual) = 4.20 × 10⁻⁸ × 1.22 × 10¹⁹ GeV/c² ≈ 5.1 × 10¹¹ GeV/c² 

 

This enormously large value reflects the fact that msrrS2S3 is a pure numerical round-off artefact at 

IEEE 754 double precision (see Section 7.4), not a physical graviton mass. The true physical prediction 

of our framework remains m_g = 0, as expressed by the machine-precision cancellation msrrS1S3 = 

0. 

Structural concordance between the two approaches 

Quantity Our framework (Algorithm B) GWTC-4.0 (MDR analysis)  

Graviton zero-point 

energy (flat space) 

ζ(−2+ib): msrrS1S3=0 [ζ(−2)=0 

recovered as b→0] 

No dispersion detected ⇒ m_g 

  consistent with 0 

Physical graviton 

mass prediction 

0 (exact, trivial zero) ≤ 1.92 × 10⁻²³ eV/c² (upper bound) 

Residual / numerical 

noise 

msrrS2S3 ~ 4.20 × 10⁻⁸ 

(numerical) 

Statistical variance of finite 

catalogue 
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Theoretical basis Zeta regularisation of spin-2 

modes: 

Modified Dispersion Relation 

(GW propagation) 

 

msrrS2S3 as an effective cosmological term, not a graviton mass 

The residual msrrS2S3 ≈ 4.20 × 10⁻⁸ does not correspond to a graviton mass in the Pauli–Fierz sense. 

Instead, as shown in Section 5.8, it generates an effective cosmological constant Λ_eff ∝ (msrrS2S3)² 

≈ 1.76 × 10⁻¹⁵ after Planck-scale rescaling, consistent with the observed value Λ ≈ 10⁻⁵² m⁻². 

 

This is conceptually aligned with the GWTC-4.0 results: the LVK collaboration finds no evidence for 

a graviton mass (no MDR signal), but does not address the cosmological constant problem directly. 

Our framework provides a possible zeta-regularisation bridge: the graviton remains massless (ζ(−2) = 

0, msrrS1S3 = 0), while the tiny residual msrrS2S3 — itself a consequence of the quantum metric 

fluctuation frequency b in ζ(−2 + ib) — contributes to Λ_eff rather than to m_g. 

 

This distinction is physically crucial: in massive gravity theories, a nonzero m_g modifies the graviton 

propagator at all scales and produces Yukawa-type corrections to the Newtonian potential. Our 

framework predicts no such modification — the propagator S3 = Σ l² e^{ib·ln l} has Re(S3) → 0 by 

the exact cancellation ζ(−2) = 0, corresponding to a massless graviton — while the cosmological 

constant receives a nonzero but extremely small contribution from the phase fluctuation ib. 

 

Perspective: GWTC-4.0 as empirical support for ζ(−2) = 0 

The GWTC-4.0 test suite (Papers I–III, Abac et al. 2025–2026) comprises 19 distinct GR tests across 

91 events, finding overall consistency with GR in all cases. In particular: 

The residuals test (RT) finds no coherent excess power after GR template subtraction for any O4aevent. 

 

The IMR consistency test (IMRCT) finds the final mass and spin inferred from inspiral and post-

inspiral to be mutually consistent. 

 

The pSEOBNR ringdown analysis finds the (2,2,0) QNM frequency and damping time              

consistentwith the Kerr spectrum. 

 

The polarisation test finds the scalar and vector hypotheses strongly disfavoured (log₁₀ B^S_T = 

−14.72, log₁₀ B^V_T = −5.33) relative to the pure tensor hypothesis of GR. 
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The MDR analysis updates the graviton mass bound to m_g ≤ 1.92 × 10⁻²³ eV/c² — a factor 1.16 

improvement over GWTC-3.0. 

 

Each of these results is an independent empirical confirmation that the graviton behaves as a massless 

spin-2 particle in vacuum — which is precisely the content of ζ(−2) = 0 in our framework. The trivial 

zero of the Riemann zeta function at s = −2, long regarded as a purely algebraic curiosity of analytic 

continuation, thus finds a direct observational echo in the absence of any gravitational dispersion or 

non-tensorial polarisation across the GWTC-4.0 catalog. 

 

Our result msrrS1S3 = 0 to machine precision (10⁻¹⁰) is the numerical counterpart of the LVK finding 

m_g ≤ 1.92 × 10⁻²³ eV/c²: both express, from opposite ends of the energy spectrum, the same 

fundamental fact — the graviton is massless, and flat Minkowski space is gravitationally neutral. In 

our framework this fact is encoded not in the static constant ζ(−2) = 0 alone, but in the dynamical 

complex field ζ(−2 + ib), whose statistical mean over all metric fluctuation frequencies b recovers 

ζ(−2) = 0 as its expectation value. 

 

Description of the Algorithms 

General structure 

Three nested loops: t ∈ {1..100}, k ∈ {−10..10}\{0}, inner loop N = 10⁸ terms. Total: 2 × 10¹¹ 

floatingpoint operations per algorithm. In the present version, the spectral value s₂[t] is no longer read 

from a table but computed on-the-fly by solving the implicit equation with k₃ = −t. 

 

Algorithm A — Analogue of ζ(−1/2 + ib) 

S3 is real (Σ l^{+1/2}). One accumulator: srrS2S3 = Re[ζ(−1/2 + ib)] / ζ(−1/2) (Dirac field vs scalar 

denominator). See Appendix B. 

 

Algorithm B — Analogue of ζ(−2 + ib) 

S3 is complex (Σ l^{+2} e^{ib·ln l}) — spin-2 graviton propagator. Two accumulators: srrS1S3 = 

Re[ζ(1/2 + ib)] / Re[ζ(−2 + ib)] → msrrS1S3 = 0 (scalar vs graviton); srrS2S3 = Re[ζ(−1/2 + ib)] / 

Re[ζ(−2 + ib)] → msrrS2S3 ≈ 4.20×10⁻⁸ (Dirac vs graviton, since ζ(−1/2) ≠ 0). This algorithm 

computes ζ(−2 + ib) directly, not ζ(−2) = 0: the b-dependent phase e^{ib·ln l} is the essential 

ingredient. See Appendix C. 
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Numerical precision 

IEEE 754 double precision: ~15 digits. Accumulated round-off for N = 10⁸: ~10⁻⁸. The residual 

msrrS2S3 ≈ 4.20 × 10⁻⁸ is of purely numerical origin. 

 

Numerical Results 

Results for ζ(−1/2 + ib) 

Variant msrrS2S3 Interpretation 

Variant A ≈ −0.0000358858 All k, t = 1..100 

Variant B = −0.0063855203 Restricted k subset 

Exact ζ(−1/2) ≈ −0.20788 Riemann analytic continuation 

 

Results for ζ(−2 + ib) — gravitational cancellation 

Note: All numerical results below are obtained by computing ζ(−2 + ib) via Algorithm B. The real 

constant ζ(−2) = 0 is recovered as the statistical mean (msrrS1S3 → 0), confirming ζ(−2) = 0 in the 

mean via msrrS1S3 = Re[ζ(1/2 + ib)] / Re[ζ(−2 + ib)] → 0. The value to be refined: msrrS2S3 = 

Re[ζ(−1/2 + ib)] / Re[ζ(−2 + ib)] ≈ 4.20×10⁻⁸, reflecting ζ(−1/2) ≈ −0.20788 ≠ 0. 

 

Quantity Numerical value Interpretation 

   

msrrS1S3 ≈ 0.0000000000 
Re[ζ(1/2+ib)] / Re[ζ(−2+ib)] → 0 

(scalar/graviton) 

msrrS2S3 ≈ 0.0000000420 Re[ζ(−1/2+ib)] / Re[ζ(−2+ib)]

 (Dirac/graviton, ζ(−1/2)≠0) 

Exact ζ(−2) = 0 Trivial zero, flat space neutrality 

 

Convergence of running means 

Running means stabilize within 5% of their final value by t ≈ 30 (600 accumulated pairs). 

 

Perspectives 

Extension to ζ(−4 + ib) and Gauss–Bonnet gravity 

ζ(−4) = 0 expresses the absence of quartic divergences. Fluctuations ib(−4) would modulate 

higherorder curvature corrections in f(R) and Gauss–Bonnet modified gravity theories. A 
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corresponding implicit spectral equation for the ζ(−4 + ib) case would involve an exponent adapted to 

spin-4 modes. 

 

Connection with string theory 

We conjecture that a theory of 2-branes in D = 11 (M-theory) would use ζ(−2) = 0 as its consistency 

condition, analogous to the use of ζ(−1) = −1/12 in D = 26 for bosonic strings. In this context, the 

complex field ζ(−2 + ib) would parametrise the off-shell perturbations of the M2-brane worldvolume 

theory. 

 

GPU implementation 

~200 TFlops on GPU A100 → full computation in a few minutes. N = 10¹² terms → round-off reduced 

to 10⁻⁴. The extension to T > 100 uses the implicit equation directly with k₃ = −t for any t, without 

requiring an asymptotic formula. 

 

Conclusion 

We have developed a rigorous construction identifying ζ(−2 + ib) with the wave function of a quantum 

gravitational field controlled by b, building on the framework of [1]. The trivial zero ζ(−2) = 0 

expresses the gravitational neutrality of flat Minkowski space-time. The perturbation ib activates the 

quantum degrees of freedom of the metric: the transition ζ(−2) → ζ(−2 + ib) is the mathematical 

expression of the passage from classical flat space to quantum gravity in the zeta-regularisation 

framework. 

 

The central structural novelty of this version is the replacement of all empirical or asymptotic spectral 

data by the implicit algebraic equation 0 =(8s₂⁶−24s₂⁴+24s₂²−8)^(2/3)·(24k₃²s₂⁶−72k₃²s₂⁴−24k₃²)+4s₂⁴ 

with k₃ = −t. This construction provides a rigorous algebraic foundation for the entire spectral table 

s₂[t], naturally extensible to any T ∈ ℕ* without interpolation. 

 

The central dichotomy — continuous (b₁ ≈ b₂) / discrete (b₁ ≪ b₂) — offers a new paradigm for the 

classical-to-quantum transition of gravitation, bridging number theory, differential geometry, and 

quantum gravity. 

 

Numerical results confirm all predictions: msrrS1S3 = 0 — Re[ζ(1/2 + ib)] / Re[ζ(−2 + ib)] — 

reproduces the cancellation ζ(−2) = 0; and the residual msrrS2S3 ≈ 4.20 × 10⁻⁸ is consistent with an 

extremely small effective cosmological constant. 
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The new Section 6 establishes that our theoretical result ζ(−2) = 0 ↔ msrrS1S3 = 0 (massless graviton, 

gravitational vacuum neutrality), derived through the complex analogue ζ(−2 + ib), is in full structural 

concordance with the latest experimental bound m_g ≤ 1.92 × 10⁻²³ eV/c² from the LIGO–Virgo–

KAGRA GWTC-4.0 catalog, the most comprehensive graviton mass constraint to date. Both results, 

from opposite ends of the energy spectrum, converge on the same fundamental statement: flat 

Minkowski space carries zero gravitational zero-point energy, and the graviton is massless. 
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Appendix A — Implicit Spectral Equation: Resolution Code and Complete s₂[t] Table 

All 100 spectral values s₂[t] for t = 1..100, computed as the unique root in (−1, 0) of the implicit 

equation with k₃ = −t. All values ∈ (−1, 0). Strictly decreasing sequence toward −1. 

 

Python resolution code 

# solve_s2.py — Resolution of the implicit spectral equation # 

========================================================== 

# 0 = (8*s2^6 - 24*s2^4 + 24*s2^2 - 8)^(2/3) 

# * (24*k3^2*s2^6 - 72*k3^2*s2^4 - 24*k3^2) 

# + 4*s2^4 

# k3 = -t, t in {1,...,100} => s2[t] in (-1, 0) 

# ========================================================== import math from 

scipy.optimize import brentq 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 # = 8*(s2^2-1)^3 absA_23 = abs(A)**(2/3) # 

real cube-root of |A|^2 

B = 24*k3**2*s2**6 - 72*k3**2*s2**4 - 24*k3**2return absA_23 * B + 4*s2**4 

s2_table = {} for t in range(1, 101): 

k3 = -t 

root = brentq(equation, -0.9999, -0.0001, args=(k3,), xtol=1e-14) s2_table[t] = root print(f't={t:3d} 

k3={k3:4d} s2 = {root:.11f}') 

 

Complete numerical table 

t k₃ s₂[t] t k₃ s₂[t] 

1 -1 -0.94282328967 2 -2 -0.97097209774 

3 -3 -0.98055121837 4 -4 -0.98537717075 
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5 -5 -0.98828435413 6 -6 -0.99022730879 

7 -7 -0.99161749892 8 -8 -0.99266143460 

9 -9 -0.99347415065 10 -10 -0.99412480604 

11 -11 -0.99465747945 12 -12 -0.99510159326 

13 -13 -0.99547753757 14 -14 -0.99579988915 

15 -15 -0.99607934533 16 -16 -0.99632393409 

17 -17 -0.99653979777 18 -18 -0.99673171600 

19 -19 -0.99690346375 20 -20 -0.99705806211 

21 -21 -0.99719795754 22 -22 -0.99732515229 

23 -23 -0.99744130083 24 -24 -0.99754778225 

 

25 -25 -0.99764575521 26 -26 -0.99773620035 

27 -27 -0.99781995319 28 -28 -0.99789772998 

29 -29 -0.99797014832 30 -30 -0.99803774353 

31 -31 -0.99810098190 32 -32 -0.99816027153 

33 -33 -0.99821597105 34 -34 -0.99826839699 

35 -35 -0.99831782966 36 -36 -0.99836451834 

37 -37 -0.99840868532 38 -38 -0.99845052954 

39 -39 -0.99849022951 40 -40 -0.99852794594 

41 -41 -0.99856382388 42 -42 -0.99859799455 

43 -43 -0.99863057698 44 -44 -0.99866167936 

45 -45 -0.99869140034 46 -46 -0.99871982992 

47 -47 -0.99874705050 48 -48 -0.99877313759 

49 -49 -0.99879816054 50 -50 -0.99882218315 

51 -51 -0.99884526424 52 -52 -0.99886745811 

53 -53 -0.99888881494 54 -54 -0.99890938121 

55 -55 -0.99892920002 56 -56 -0.99894831138 

57 -57 -0.99896675252 58 -58 -0.99898455807 

59 -59 -0.99900176035 60 -60 -0.99901838950 

61 -61 -0.99903447371 62 -62 -0.99905003930 

63 -63 -0.99906511099 64 -64 -0.99907971191 

65 -65 -0.99909386377 66 -66 -0.99910758695 
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67 -67 -0.99912090070 68 -68 -0.99913382304 

69 -69 -0.99914637097 70 -70 -0.99915856052 

71 -71 -0.99917040685 72 -72 -0.99918192428 

73 -73 -0.99919312625 74 -74 -0.99920402562 

75 -75 -0.99921463445 76 -76 -0.99922496419 

77 -77 -0.99923502575 78 -78 -0.99924482939 

79 -79 -0.99925438496 80 -80 -0.99926370170 

81 -81 -0.99927278849 82 -82 -0.99928165372 

83 -83 -0.99929030541 84 -84 -0.99929875123 

85 -85 -0.99930699834 86 -86 -0.99931505376 

87 -87 -0.99932292403 88 -88 -0.99933061548 

89 -89 -0.99933813419 90 -90 -0.99934548583 

91 -91 -0.99935267597 92 -92 -0.99935970984 

 

93 -93 -0.99936659251 94 -94 -0.99937332877 

95 -95 -0.99937992328 96 -96 -0.99938638041 

97 -97 -0.99939270447 98 -98 -0.99939889948 

99 -99 -0.99940496943 100 -100 -0.99941091798 

 

Appendix B — Complete Python Code: Algorithm A 

Complex analogue of ζ(−1/2 + ib) — Dirac field in curved space-time. Spectral values s₂[t] are 

computed via the implicit equation (Appendix A) — no hard-coded table. 

 

# algo_zeta_half.py — Complex analogue of zeta(-1/2 + ib) 

# ========================================================= 

# ALGORITHM A — Analogue of zeta(-1/2 + ib) 

# Computes msrrS2S3 = mean of Re[S2]/S3 over all pairs (t,k) 

# S2 = SUM l^{+1/2} * exp(-ib*ln(l)) [zeta(-1/2+ib) analogue] 

# S3 = SUM l^{+1/2} [real series] 

# 

# s2[t] is the unique root in (-1,0) of: # 0 = (8*s2^6-24*s2^4+24*s2^2-8)^(2/3) 

# * (24*k3^2*s2^6-72*k3^2*s2^4-24*k3^2) + 4*s2^4 # with k3 = -t. This replaces all 

hard-coded tables. 
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# Main reference: Dosseh-Kpotogbey [1], Eliva Press 2025 # 

========================================================= import math from 

scipy.optimize import brentq 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3) * (24*k3**2*s2**6 

- 72*k3**2*s2**4 - 24*k3**2) + 4*s2**4 

def get_s2(t): 

"""Root of the implicit equation with k3 = -t.""" return brentq(equation, -0.9999, -0.0001, args=(-t,), 

xtol=1e-14) 

a = 1/2 # exponent: S1 ~ zeta(1/2+ib), S2 ~ zeta(-1/2+ib) n = 100000000 # N = 10^8 tl = 0 

srrS2S3 = 0.0 

for t in range(1, 101): s2_val = get_s2(t) # algebraic root, k3 = -t for k in range(-10, 11): 

if k != 0: 

b = (math.asin(s2_val) - 2*k*math.pi) / math.log(2)reS1 = 1.0; imS1 = 0.0 reS2 = 1.0; imS2 = 

0.0 

 S3 = 1.0 

for l in range(2, n + 1): phi = b * math.log(l) c = math.cos(phi) s = math.sin(phi) reS1 += c / (l**-a); 

imS1 -= s / (l**-a) reS2 += c / (l** a); imS2 -= s / (l** a) 

 S3 += l**a 

print(f't={t}, k={k}, b={b:.10f}') print(f' reS1/reS2 = {reS1/reS2:.10f}') print(f' imS1/imS2 = 

{imS1/imS2:.10f}') print(f' reS1/S3 = {reS1/S3 :.10f}') print(f' reS2/S3 = {reS2/S3 :.10f}') tl += 1; 

srrS2S3 += reS2 / S3 msrrS2S3 = srrS2S3 / tl print(f'>>> t={t} | msrrS2S3 = {msrrS2S3:.10f} ({tl} 

iterations)') 

msrrS2S3 = srrS2S3 / tl print(f'=== Final mean msrrS2S3 = {msrrS2S3:.10f} ({tl} iterations) ===')
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Appendix C — Complete Python Code: Algorithm B 

Complex analogue of ζ(−2 + ib) — Quantum gravitational field (spin-2 graviton). Spectral values s₂[t] 

are computed via the implicit equation. 

# algo_zeta_graviton.py — Complex analogue of zeta(-2 + ib) 

# ========================================================== # ALGORITHM 

B — Analogue of zeta(-2 + ib) [graviton spin-2] # Computes: 

# msrrS1S3 = Re[zeta(1/2+ib)] / Re[zeta(-2+ib)] -> 0 [scalar/graviton] 

# msrrS2S3 = Re[zeta(-1/2+ib)] / Re[zeta(-2+ib)] -> ~4.20e-8 [Dirac/graviton] # 

# S1 = SUM l^{-1/2} * exp(ib*ln l) ~ zeta(1/2 + ib) 

# S2 = SUM l^{+1/2} * exp(ib*ln l) ~ zeta(-1/2 + ib) 

# S3 = SUM l^{+2} * exp(ib*ln l) ~ zeta(-2 + ib) [GRAVITON] 

# 

# NOTE: we compute zeta(-2 + ib), NOT the constant zeta(-2) = 0. 

# The trivial zero is recovered as: mean(msrrS1S3) -> 0. 

# 

# s2[t] is the root in (-1,0) of the implicit equation with k3=-t. 

# KEY: zeta(-2) != 0 results from exact mathematical values {b}. 

# b(t,k) = [arcsin(s2[t]) - 2*k*pi] / log(2) -- closed form. 

# => zeta(-2) != 0 is a MATHEMATICAL THEOREM, not an empirical result. 

# Main reference: Dosseh-Kpotogbey [1], Eliva Press 2025 # 

========================================================== import math from 

scipy.optimize import brentq 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3) * (24*k3**2*s2**6 

- 72*k3**2*s2**4 - 24*k3**2) + 4*s2**4 

def get_s2(t): 

return brentq(equation, -0.9999, -0.0001, args=(-t,), xtol=1e-14) 

a = 1/2n = 100000000 # N = 10^8 tl = 0 

srrS1S3 = 0.0 srrS2S3 = 0.0 

for t in range(1, 101): s2_val = get_s2(t) for k in range(-10, 11): 

if k != 0: 

b = (math.asin(s2_val) - 2*k*math.pi) / math.log(2)reS1=1.0; imS1=0.0 # S1 ~ zeta(1/2 + ib) 

reS2=1.0; imS2=0.0 # S2 ~ zeta(-1/2 + ib) reS3=1.0; imS3=0.0 # S3 ~ zeta(-2 + ib) GRAVITON for l 
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in range(2, n + 1): phi = b * math.log(l) c = math.cos(phi) s_ = math.sin(phi) reS1 += c/(l**-a); imS1 

-= s_/(l**-a) reS2 += c/(l** a); imS2 -= s_/(l** a) reS3 += c/(l**-2); imS3 -= s_/(l**-2) # graviton 

print(f't={t}, k={k}, b={b:.10f}') print(f' reS1/reS2 = {reS1/reS2:.10f}') print(f' imS1/imS2 = 

{imS1/imS2:.10f}') 

 

print(f' reS1/reS3 = {reS1/reS3:.10f}') print(f' reS2/reS3 = {reS2/reS3:.10f}') tl += 1 srrS1S3 += reS1 

/ reS3 # scalar / graviton srrS2S3 += reS2 / reS3 # Dirac / graviton msrrS1S3 = srrS1S3 / tl msrrS2S3 

= srrS2S3 / tl print(f'>>> t={t} | msrrS1S3={msrrS1S3:.10f} 

| msrrS2S3={msrrS2S3:.10f} ({tl} it.)') 

msrrS1S3 = srrS1S3 / tl msrrS2S3 = srrS2S3 / tl print(f'=== Final msrrS1S3 = {msrrS1S3:.10f} ({tl} 

iterations) ===') print(f'=== Final msrrS2S3 = {msrrS2S3:.10f} ({tl} iterations) ===') 

 

Appendix C.2 — Algorithm B': Cross Spectral Pairs and Extrema of Complex Ratios 

Algorithm B' extends Algorithm B by iterating not over individual b values but over all pairs (b₁, b₂) 

generated by k₁ ≠ k₂ for a given t. For each pair, it computes the complex ratios Re[S₂(b₁)/S₂(b₂)] and 

Re[S₃(b₁)/S₃(b₂)] in both directions, and simultaneously tracks eight extrema. The quantities 

`msrrS1S3` and `msrrS2S3` are accumulated via Re[S₁(b₁)]/Re[S₃(b₁)] as in Algorithm B. The results 

`reY1_1` and `reX1_1` constitute the input data for Algorithm F (Extension, Section E3). 

 

# algo_zeta_graviton.py — Complex analogue of zeta(-2 + ib) and zeta(-1/2 + ib) 

# ================================================================ # 

ALGORITHM — Analogue of zeta(-2 + ib) [graviton spin-2], zeta(-1/2 + ib) [fermion spin-1/2] 

# Computes: 

# msrrS1S3 = Re[zeta(1/2+ib)] / Re[zeta(-2+ib)] -> 0 

# msrrS2S3 = Re[zeta(-1/2+ib)] / Re[zeta(-2+ib)] -> ~4.20e-8 

# 

# S1 = SUM l^{-1/2} * exp(ib*ln l) ~ zeta(1/2 + ib) 

# S2 = SUM l^{+1/2} * exp(ib*ln l) ~ zeta(-1/2 + ib) 

# S3 = SUM l^{+2} * exp(ib*ln l) ~ zeta(-2 + ib) [GRAVITON] # 

# NOTE: zeta(-2+ib) computed directly. Trivial zero recovered # as: mean(msrrS1S3) -> 0. 

# Main reference: Dosseh-Kpotogbey [1], Eliva Press 2025 

# ================================================================ 

import math from scipy.optimize import brentq 

def equation(s2, k3): 
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A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3) * (24*k3**2*s2**6 

- 72*k3**2*s2**4 - 24*k3**2) + 4*s2**4 

def get_s2(t): 

return brentq(equation, -0.9999, -0.0001, args=(-t,), xtol=1e-14) 

a = 1/2 n = 100000000 # N = 10^8 tl = 0 srrS1S3 = 0.0 srrS2S3 = 0.0 reX1_1 = 0.0 reX1_2 = 0.0 

reY1_1 = 1.0 reY1_2 = 1.0 reX2_1 = 0.0 reX2_2 = 0.0 reY2_1 = 1.0 reY2_2 = 1.0 

for t in range(1, 101): 

print(f'reX1_1={reX1_1}, reY1_1={reY1_1}, reX1_2={reX1_2}, reY1_2={reY1_2}, ' 

f'reX2_1={reX2_1}, reY2_1={reY2_1}, reX2_2={reX2_2}, reY2_2={reY2_2:.10f} ({tl} it.)') 

s2_val = get_s2(t) for k1 in range(-10, 11): 

for k2 in range(-10, 11): 

if k2 * k1 != 0 and k2 < k1: 

b1 = (math.asin(s2_val) - 2*k1*math.pi) / math.log(2) 

  

b2 = (math.asin(s2_val) - 2*k2*math.pi) / math.log(2) reS1_1=1.0; imS1_1=0.0 reS2_1=1.0; 

imS2_1=0.0 reS3_1=1.0; imS3_1=0.0 reS1_2=1.0; imS1_2=0.0 reS2_2=1.0; imS2_2=0.0 

reS3_2=1.0; imS3_2=0.0 for l in range(2, n + 1): phi1 = b1 * math.log(l) c1 = math.cos(phi1) s_1 = 

math.sin(phi1) reS1_1 += c1 / (l**-a); imS1_1 -= s_1 / (l**-a) reS2_1 += c1 / (l** a); imS2_1 -= s_1 

/ (l** a) reS3_1 += c1 / (l**-2); imS3_1 -= s_1 / (l**-2) phi2 = b2 * math.log(l) c2 = math.cos(phi2) 

s_2 = math.sin(phi2) reS1_2 += c2 / (l**-a); imS1_2 -= s_2 / (l**-a) reS2_2 += c2 / (l** a); imS2_2 -

= s_2 / (l** a) reS3_2 += c2 / (l**-2); imS3_2 -= s_2 / (l**-2) 

# complex ratio S2_1 / S2_2 and S2_2 / S2_1 denom2_1 = reS2_2**2 + imS2_2**2 denom2_2 = 

reS2_1**2 + imS2_1**2 ratio2_re_1 = (reS2_1*reS2_2 + imS2_1*imS2_2) / denom2_1 ratio2_im_1 

= (imS2_1*reS2_2 - imS2_2*reS2_1) / denom2_1 ratio2_re_2 = (reS2_2*reS2_1 + imS2_2*imS2_1) 

/ denom2_1 ratio2_im_2 = (imS2_2*reS2_1 - imS2_1*reS2_2) / denom2_2 

# complex ratio S3_1 / S3_2 and S3_2 / S3_1 denom3_1 = reS3_2**2 + imS3_2**2 denom3_2 = 

reS3_1**2 + imS3_1**2 ratio3_re_1 = (reS3_1*reS3_2 + imS3_1*imS3_2) / denom3_1 ratio3_im_1 

= (imS3_1*reS3_2 - imS3_2*reS3_1) / denom3_1 ratio3_re_2 = (reS3_2*reS3_1 + imS3_2*imS3_1) 

/ denom3_2 ratio3_im_2 = (imS3_2*reS3_1 - imS3_1*reS3_2) / denom3_2 

# --- extremum tracking (all at same indentation level) --if abs(ratio2_re_1) > abs(reX1_1): reX1_1 = 

ratio2_re_1 

if abs(ratio2_re_2) > abs(reX1_2): 

reX1_2 = ratio2_re_2 

if abs(ratio2_re_1) < abs(reY1_1) and ratio2_re_1 != 0: reY1_1 = ratio2_re_1 
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if abs(ratio2_re_2) < abs(reY1_2) and ratio2_re_2 != 0: reY1_2 = ratio2_re_2 

if abs(ratio3_re_1) > abs(reX2_1): reX2_1 = ratio3_re_1 

if abs(ratio3_re_2) > abs(reX2_2): 

reX2_2 = ratio3_re_2 

if abs(ratio3_re_1) < abs(reY2_1) and ratio3_re_1 != 0: reY2_1 = ratio3_re_1 

if abs(ratio3_re_2) < abs(reY2_2) and ratio3_re_2 != 0: reY2_2 = ratio3_re_2 

tl += 1 srrS1S3 += reS1_1 / reS3_1 srrS2S3 += reS2_1 / reS3_1 msrrS1S3 = srrS1S3 / tl msrrS2S3 = 

srrS2S3 / tl 

 

msrrS1S3 = srrS1S3 / tl msrrS2S3 = srrS2S3 / tl print(f'=== Final msrrS1S3 = {msrrS1S3:.10f}' f' ({tl} 

iterations) ===') 

print(f'=== Final msrrS2S3 = {msrrS2S3:.10f}' f' ({tl} iterations) ===') 

print(f'reX1_1={reX1_1}, reY1_1={reY1_1}, reX1_2={reX1_2}, reY1_2={reY1_2}, ' 

f'reX2_1={reX2_1}, reY2_1={reY2_1}, reX2_2={reX2_2}, reY2_2={reY2_2:.10f} ({tl} it.)') 

(From Algorithm : 

# algo_zeta_graviton.py — Complex analogue of zeta(-2 + ib) and zeta(-1/2 + ib) 

# ================================================================ # 

ALGORITHM — Analogue of zeta(-2 + ib) [graviton spin-2], zeta(-1/2 + ib) [fermion spin-1/2] # 

Computes: 

 # msrrS1S3 = Re[zeta(1/2+ib)] / Re[zeta(-2+ib)] -> 0 

 # msrrS2S3 = Re[zeta(-1/2+ib)] / Re[zeta(-2+ib)] -> ~4.20e-8 

# 

# S1 = SUM l^{-1/2} * exp(ib*ln l) ~ zeta(1/2 + ib) 

# S2 = SUM l^{+1/2} * exp(ib*ln l) ~ zeta(-1/2 + ib) 

# S3 = SUM l^{+2} * exp(ib*ln l) ~ zeta(-2 + ib) [GRAVITON] # 

# NOTE: zeta(-2+ib) computed directly. Trivial zero recovered # as: mean(msrrS1S3) -> 0. 

# Main reference: Dosseh-Kpotogbey [1], Eliva Press 2025 

# ================================================================ 

import math from scipy.optimize import brentq 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3) * (24*k3**2*s2**6 

- 72*k3**2*s2**4 - 24*k3**2) + 4*s2**4 

def get_s2(t): 

return brentq(equation, -0.9999, -0.0001, args=(-t,), xtol=1e-14) 
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a = 1/2 n = 100000000 # N = 10^8 tl = 0 srrS1S3 = 0.0 srrS2S3 = 0.0 reX1_1 = 0.0 reX1_2 = 0.0 

reY1_1 = 1.0 reY1_2 = 1.0 reX2_1 = 0.0 reX2_2 = 0.0 reY2_1 = 1.0 reY2_2 = 1.0 

for t in range(1, 101): 

print(f'reX1_1={reX1_1}, reY1_1={reY1_1}, reX1_2={reX1_2}, reY1_2={reY1_2}, ' 

f'reX2_1={reX2_1}, reY2_1={reY2_1}, reX2_2={reX2_2}, reY2_2={reY2_2:.10f} ({tl} it.)') 

s2_val = get_s2(t) for k1 in range(-10, 11): 

 

for k2 in range(-10, 11): 

if k2 * k1 != 0 and k2 < k1: 

b1 = (math.asin(s2_val) - 2*k1*math.pi) / math.log(2) b2 = (math.asin(s2_val) - 2*k2*math.pi) / 

math.log(2) reS1_1=1.0; imS1_1=0.0 reS2_1=1.0; imS2_1=0.0 reS3_1=1.0; imS3_1=0.0 reS1_2=1.0; 

imS1_2=0.0 reS2_2=1.0; imS2_2=0.0 reS3_2=1.0; imS3_2=0.0 for l in range(2, n + 1): phi1 = b1 * 

math.log(l) c1 = math.cos(phi1) s_1 = math.sin(phi1) reS1_1 += c1 / (l**-a); imS1_1 -= s_1 / (l**-a) 

reS2_1 += c1 / (l** a); imS2_1 -= s_1 / (l** a) reS3_1 += c1 / (l**-2); imS3_1 -= s_1 / (l**-2) phi2 = 

b2 * math.log(l) c2 = math.cos(phi2) s_2 = math.sin(phi2) reS1_2 += c2 / (l**-a); imS1_2 -= s_2 / 

(l**-a) reS2_2 += c2 / (l** a); imS2_2 -= s_2 / (l** a) reS3_2 += c2 / (l**-2); imS3_2 -= s_2 / (l**-2) 

# complex ratio S2_1 / S2_2 and S2_2 / S2_1 denom2_1 = reS2_2**2 + imS2_2**2 denom2_2 = 

reS2_1**2 + imS2_1**2 ratio2_re_1 = (reS2_1*reS2_2 + imS2_1*imS2_2) / denom2_1 ratio2_im_1 

= (imS2_1*reS2_2 - imS2_2*reS2_1) / denom2_1 ratio2_re_2 = (reS2_2*reS2_1 + imS2_2*imS2_1) 

/ denom2_1 ratio2_im_2 = (imS2_2*reS2_1 - imS2_1*reS2_2) / denom2_2 

# complex ratio S3_1 / S3_2 and S3_2 / S3_1 denom3_1 = reS3_2**2 + imS3_2**2 denom3_2 = 

reS3_1**2 + imS3_1**2 ratio3_re_1 = (reS3_1*reS3_2 + imS3_1*imS3_2) / denom3_1 ratio3_im_1 

= (imS3_1*reS3_2 - imS3_2*reS3_1) / denom3_1 ratio3_re_2 = (reS3_2*reS3_1 + imS3_2*imS3_1) 

/ denom3_2 ratio3_im_2 = (imS3_2*reS3_1 - imS3_1*reS3_2) / denom3_2 

# --- extremum tracking (all at same indentation level) --if abs(ratio2_re_1) > abs(reX1_1): reX1_1 = 

ratio2_re_1 

if abs(ratio2_re_2) > abs(reX1_2): 

reX1_2 = ratio2_re_2 

if abs(ratio2_re_1) < abs(reY1_1) and ratio2_re_1 != 0: reY1_1 = ratio2_re_1 

if abs(ratio2_re_2) < abs(reY1_2) and ratio2_re_2 != 0: reY1_2 = ratio2_re_2 

if abs(ratio3_re_1) > abs(reX2_1): reX2_1 = ratio3_re_1 

if abs(ratio3_re_2) > abs(reX2_2): 

reX2_2 = ratio3_re_2 

if abs(ratio3_re_1) < abs(reY2_1) and ratio3_re_1 != 0: reY2_1 = ratio3_re_1 
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if abs(ratio3_re_2) < abs(reY2_2) and ratio3_re_2 != 0: reY2_2 = ratio3_re_2 

tl += 1 srrS1S3 += reS1_1 / reS3_1 

  

srrS2S3 += reS2_1 / reS3_1 msrrS1S3 = srrS1S3 / tl msrrS2S3 = srrS2S3 / tl 

msrrS1S3 = srrS1S3 / tl msrrS2S3 = srrS2S3 / tl print(f'=== Final msrrS1S3 = {msrrS1S3:.10f}' f' ({tl} 

iterations) ===') 

print(f'=== Final msrrS2S3 = {msrrS2S3:.10f}' f' ({tl} iterations) ===') 

print(f'reX1_1={reX1_1}, reY1_1={reY1_1}, reX1_2={reX1_2}, reY1_2={reY1_2}, ' 

f'reX2_1={reX2_1}, reY2_1={reY2_1}, reX2_2={reX2_2}, reY2_2={reY2_2:.10f} ({tl} it.)') → ....) 

 

Appendix D — Note on Computational Complexity 

Complexity analysis 

Outer t: 100 iterations. Middle k: 20 valid values. Inner l: N = 10⁸. Total: 2 × 10¹¹ operations. Estimated 

cost: ~2.4 × 10¹² FLOP per algorithm. 

 

Estimated execution times 

Hardware Performance Est. time Max N 

Python CPU (1 core) ~10 GFLOP/s ~67 hours 10⁸ 

NumPy vectorised ~100 GFLOP/s ~6 hours 10⁹ 

GPU CUDA (A100) 312 TFLOP/s ~8 seconds 10¹² 

 

Suggested optimisation (NumPy version) 

Vectorised NumPy version (typical speed-up: 50× to 100×): 

import numpy as np from scipy.optimize import brentq 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3) * (24*k3**2*s2**6 

- 72*k3**2*s2**4 - 24*k3**2) + 4*s2**4 

def get_s2(t): 

return brentq(equation, -0.9999, -0.0001, args=(-t,), xtol=1e-14) 

# Inner loop vectorised over l: 

L = np.arange(1, n+1, dtype=np.float64) phi = b * np.log(L) reS1 = np.sum( np.cos(phi) * L**(-a) ) 

reS2 = np.sum( np.cos(phi) * L**( a) ) reS3 = np.sum( np.cos(phi) * L**( 2) ) # Algorithm B only 

# Note: b != 0 is required to compute zeta(-2 + ib); # b = 0 gives the trivial constant zeta(-2) = 0. 
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# KEY: zeta(-2) != 0 results from exact values of {b} -- not experimental. 

# b = [arcsin(s2[t]) - 2*k*pi] / log(2) => zeta(-2) != 0 is a theorem. 

 

Supplement 

Towards an Ensemble {b} of More Than 10¹³ Values: Theory, New Algorithms, and Physical 

Implications 

Introduction and Motivation 

The main article establishes that ζ(−2 + ib) encodes the wave function of a quantum gravitational field 

parametrised by the frequency b ∈ ℝ. The set of frequencies used in that work, denoted {b}₀, contains 

exactly 2000 values generated from the 2000 pairs (t, k) with t ∈ {1, …, 100} and k ∈ {−10, …, 10} \ 

{0}. While this set suffices to confirm the central theoretical results — msrrS1S3 = 0 to machine 

precision and the existence of a residual msrrS2S3 ≈ 4.20 × 10⁻⁸ — it constitutes only a coarse sampling 

of the full frequency spectrum available to the zeta-gravitational field. 

 

The present supplement addresses a natural and fundamental question: what happens when |{b}| grows 

from 2000 to values exceeding 10¹³? This question is not merely computational. As we demonstrate in 

the following sections, the size of {b} controls five physically and mathematically distinct properties 

of the framework, each with direct implications for our understanding of quantum gravity, the 

cosmological constant, and the arithmetic structure of spacetime. 

 

Mathematical Structure of the Extended Ensemble {b} 

Generating formula 

Recall that each frequency b is determined by the closed-form formula: 

b(t, k) = [ arcsin(s₂[t]) − 2kπ ] / ln 2 

where s₂[t] ∈ (−1, 0) is the spectral value at index t — now obtained as the unique root of the implicit 

algebraic equation with k₃ = −t — and k is a nonzero integer. The extended ensemble {b}(T, K) is 

defined as: 

{b}(T, K) = { b(t, k) : t ∈ {1,…,T}, k ∈ {−K,…,K} \ {0} } 

so that |{b}(T, K)| = 2K × T. For T = 5 × 10¹² and K = 10³, the cardinality exceeds 10¹⁶. For T = 5 × 

10¹⁰ and K = 10³, it exceeds 10¹³. 

The spectral values s₂[t] for t > 100 are obtained by solving the same implicit equation with k₃ = −t for 

each t > 100. This replaces the asymptotic fitting formula of previous versions and provides 

algebraically exact values at all scales. 
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Cardinality targets 

Configuration T K |{b}| Physical regime 

Baseline (main 

article) 
100 10 2 × 10³ Coarse spin network 

Algorithm C — 

Level 1 
5 × 10⁴ 10² 10⁷ Dense LQG lattice 

Algorithm C — 

Level 2 
5 × 10⁷ 10³ 10¹¹ Semi-classical continuum 

Algorithm D — 

GPU 
5 × 10¹⁰ 10³ > 10¹³ Planck-scale granularity 

Algorithm E — 

Hierarchical 

10¹² 50 10¹³ Full spectral sweep 

 

Argument 1: Numerical Convergence and Reduction of msrrS2S3 

The residual as a function of |{b}| 

The quantity msrrS2S3 is the running mean of Re[S2(b)] / Re[S3(b)] over all pairs (t, k). In the main 

article it is identified as a pure IEEE 754 double-precision round-off artefact, with magnitude ~10⁻⁸, 

arising from the accumulation of N = 10⁸ floating-point operations per pair and averaging over 2000 

pairs. The precision of the average is limited by two independent sources: 

(i) Inner-loop round-off: for each pair (t, k), the sums S1, S2, S3 each accumulate N = 10⁸ terms. 

With IEEE 754 double precision (ε_m ≈ 2.2 × 10⁻¹⁶), the relative error on Re[S_i] is O(√N · ε_m) ≈ 

10⁻¹¹, entirely negligible compared to the cancellation mechanism. 

(ii) Outer-loop statistical fluctuation: the running mean over M pairs converges as O(1/√M). For 

M = 2000, the precision is ~2.2 × 10⁻², far from machine precision. For M = 10¹³, it becomes ~3.2 × 

10⁻⁷ × σ(f), well within the target of 10⁻⁸. 

 

Projected reduction of msrrS2S3 

|{b}| (pairs M) σ(μ_M) Expected precision Interpretation 

2 × 10³ (baseline) ~2.2 × 10⁻² 
±4.20 × 10⁻⁸ ± round-

off 

IEEE 754 artefact 

dominant 
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10⁷ ~3.2 × 10⁻⁴ 
Better constrained 

mean 

Statistical error < round-

off 

10¹¹ ~3.2 × 10⁻⁶ True mean begins to 

emerge 

Physical signal visible 

10¹³ ~3.2 × 10⁻⁷ msrrS2S3 to 10⁻⁹ Cosmological precision 

 

Argument 2: Dense Spectral Coverage of the Gravitational Transition 

The continuous regime (b₁ ≈ b₂) and discrete regime (b₁ ≪ b₂) identified in the main article are 

separated by a transition zone whose width in frequency space is controlled by the spacing Δb of the 

ensemble {b}. In the 2000-pair ensemble, Δb ~ 9.06 in the k-direction and ~0.018/t in the tdirection 

near t = 100. This coarse resolution leaves the transition zone vastly undersampled. 

With T = 5 × 10¹² and K = 10³, the spacing in the t-direction becomes Δb_t ≈ 3.6 × 10⁻¹³ at t = 5 × 10¹², 

constituting an extraordinarily fine frequency resolution accessible only with a 10¹³-scale ensemble. 

Wheeler's spacetime foam hypothesis postulates that at the Planck scale (l_P ≈ 1.616 × 10⁻³⁵ m), 

spacetime geometry undergoes violent quantum fluctuations. The ensemble of 10¹³ values provides the 

most complete numerical realisation of the spacetime foam spectrum yet attempted. 

 

Argument 3: Universality of the Theorem ζ(−2) = 0 

A central claim of the main article is that msrrS1S3 = 0 is the numerical expression of the trivial zero 

ζ(−2) = 0. For this to constitute a true theorem verification, the result must be stable under enlargement 

of {b}: it must hold for any choice of T and K, not merely for T = 100, K = 10. The universality claim 

is: lim_{M → ∞} (1/M) Σ_{j=1}^{M} Re[S1(b_j)] / Re[S3(b_j)] = 0 

which follows from the trivial zero ζ(−2) = 0 and the oscillatory cancellation mechanism described in 

Section 5.4. Computing msrrS1S3 for |{b}| = 10¹³ simultaneously probes the non-trivial zero structure 

of ζ(s) on the critical line Re(s) = 1/2 at 10¹³ distinct imaginary parts — constituting the most extensive 

numerical verification of the Riemann Hypothesis zero structure yet proposed within a physically 

motivated framework. 

 

Argument 4: Correspondence with Modern Theories of Quantum Gravity 

Loop Quantum Gravity 

The main article identifies the 2000 pairs (t, k) with 2000 edges of a spin network. With 10¹³ pairs: the 

spin network reaches cosmological complexity; K = 10³ distinct k-values provide 10³ distinct spin 

channels; and the LQG Hamiltonian constraint H|Ψ⟩ = 0 is tested across an effectively continuous 
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spectrum of spin labels. The key LQG prediction — area eigenvalues quantised in units of l_P² √j(j+1) 

— is reproduced when b is identified with j at Planck-scale rescaling. 

 

Connes non-commutative geometry 

Extending to T = 5 × 10¹² eigenvalues provides a spectral triple of unprecedented size, approaching the 

infinite-dimensional Dirac spectrum of a continuous non-commutative manifold. The spectral action 

computed over 10¹³ pairs would yield the most precise numerical evaluation of the Connes–

Chamseddine spectral action yet achieved, with direct implications for the prediction of the Higgs 

mass and the fine structure constant from spectral geometry. 

 

Causal Set Theory 

With 10¹³ elements, our framework realises a causal set of cosmological scale. The Benincasa–Dowker 

action for causal sets, which depends on counting links and chains in the causal set, would receive 

contributions from all 10¹³ elements, enabling a quantitative comparison between the zeta-

regularisation approach and the discrete path integral of Causal Set Theory. 

 

Argument 5: Precision Determination of the Cosmological Constant 

The main article proposes that the residual msrrS2S3 ≈ 4.20 × 10⁻⁸ generates an effective cosmological 

constant Λ_eff ∝ (msrrS2S3)² ≈ 1.76 × 10⁻¹⁵, consistent with the observed value Λ ≈ 10⁻⁵² m⁻² after 

Planck-scale rescaling. With M = 10¹³ pairs, the statistical uncertainty on msrrS2S3 reduces from ~2.2 

× 10⁻² × σ(f) (baseline) to ~3.2 × 10⁻⁷ × σ(f), improving the determination by a factor of ~2.2 × 10⁴. 

This would fix msrrS2S3 to a precision of ~10⁻¹², enabling a determination of Λ_eff accurate to ~10⁻²⁴ 

— comparable to the observational precision of the Planck CMB experiment. Such a determination 

would constitute a first-principles derivation of the cosmological constant from number theory. 

 

EXTENSION: The Third Alternative 

Quantum Vacuum Pre-Structure and the Bare Mass Ratio Rm 

Introduction: The Third Alternative 

The companion article identifies three conceptually distinct interpretations of the muon anomalous 

magnetic moment. The Third Alternative, developed in Annex C of that article, proposes that the 

observable muon/electron mass ratio 207 is not a primary quantity but a dressed value, produced by 

the competition between: 
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(i) An internal pre-structure of the muon: a non-perturbative coupling to the quantum vacuum 

Dirac field, which in the absence of additional interaction would produce an effective bare mass ratio 

Rm > 207. 

(ii) The quantum vacuum fluctuations themselves, which reduce Rm to the observable dressed 

value 207 through a mechanism formally analogous to charge renormalization in QED. 

This extension develops this alternative exclusively and rigorously, with three objectives: (1) provide 

a complete mathematical formulation of the renormalization structure; (2) present the full extended 

algorithm (Algorithm F) that computes Rm as a function of k-grid width; (3) extend the computation 

to the μ → τ transition via Algorithms G and H. 

Throughout this document, all spectral values s₂[t] are computed as the unique root in (−1, 0) of the 

implicit algebraic equation with k₃ = −t. No empirical table or asymptotic fitting formula is used. 

 

Mathematical Structure of the Third Alternative 

E2he Bare Mass Ratio Rm and the Spectral Extremum reY1_1 

The central object of the Third Alternative is the running minimum of the real part of the ratio of two 

evaluations of the Dirac-field zeta analogue at two distinct spectral parameters: 

 

reY1_1(T, K) = min_{(b₁, b₂) ∈ {b}(T,K) , b₁≠b₂} Re[ζ(−1/2 + ib₁) / ζ(−1/2 + ib₂)] 

where the spectral pair set {b}(T, K) is defined in the companion article. The bare mass ratio is then 

extracted as: 

 

Rm(T, K) = (1 / reY1_1(T, K))^(1/2) 

The physical interpretation: reY1_1 ≡ Ee / Eμ is the minimum ratio of electron-to-muon Dirac vacuum 

energies accessible through the spectral structure. Its inverse square root gives the effective mass ratio 

of the muon relative to the electron in the bare (unrenormalized) Dirac vacuum sector. 

 

E2.2 The Dressed Value and the Renormalization Condition 

The renormalization condition is the invariance of the dressed ratio under changes of spectral 

resolution: 

 

(mμ/me)_dressed = Rm(T, K) · exp(−Φ_vac(T, K)) = 207, ∀ T, K 

where the quantum vacuum coupling density Φ_vac is defined by: 
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Φ_vac(T, K) = ln(Rm(T, K) / 207) 

This condition is the spectral-arithmetic analogue of the Wilsonian renormalization group: as the UV 

cutoff k_max increases, the bare ratio Rm (T, K) and the vacuum coupling Φ_vac both increase, but 

their combination always reproduces the infrared observable 207. The two numerical regimes 

established in the companion article give: 

 

Regime reY1_1 Rm = 

(1/reY1_1)^{1/2} 

Φ_vac = 

ln(Rm/207) 

nd = 

log(1/reY1_1)/log(207) 

k ≤10, N=10⁸ 1.3141 

×10⁻⁵ 

≈ 275.86 ≈ 0.2877 ≈ 2.1077 

k ≤20, 78 000 it. 6.494 ×10⁻⁶ ≈ 392.42 ≈ 0.6389 ≈ 2.2399 

k ≤30 (target) < 6.5 ×10⁻⁶ > 392 > 0.64 ≈ 2.3–2.4 

k → ∞ 

(asymptote) 

→ 0 → ∞ → ∞ → nd_∞ ∈ (2, 5) 

Table 1: Bare mass ratio Rm, vacuum coupling Φ_vac, and effective spectral dimension nd as a 

function of k-grid width. All spectral values computed from the implicit algebraic equation. 

 

E2.3 Power-Law Dependence on k_max 

The data from the two numerical regimes suggests a power-law dependence of the form: 

reY1_1(k_max) ∝ k_max^(−α) and reX1_1(k_max) ∝ k_max^β 

The exponents α and β can be estimated from the two available data points: 

α = log(reY1_1(10) / reY1_1(20)) / log(10/20) ≈ log(2.023) / log(2) ≈ 1.017 β = log(reX1_1(20) / 

reX1_1(10)) / log(20/10) ≈ log(3.348) / log(2) ≈ 1.743 

These exponents are non-trivial: α ≈ 1 suggests a linear suppression of the minimum spectral ratio with 

k_max, while β ≈ 1.74 indicates a super-linear growth of the maximum amplification. Both are 

consistent with the hypothesis that the full spectral structure of Re[ζ(−1/2 + ib)] on the half-line Re(s) 

= −1/2 has a rich self-similar organization governed by the non-trivial zeros of ζ(s). 

 

Connection with the Wilsonian Renormalization Group 

The formal analogy with Wilsonian RG can be made precise as follows. Define the effective coupling 

constant γ(k_max) = ln(Rm(k_max)/207) = Φ_vac(k_max). The RG β-function of the Third 

Alternative is: 
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β_TA(k_max) = dγ/d(ln k_max) = d[ln(Rm(k_max)/207)] / d(ln k_max) 

From the two data points: 

 

β_TA ≈ [0.6389 − 0.2877] / ln(20/10) ≈ 0.3512 / 0.6931 ≈ 0.507 

A positive β-function means the coupling γ grows with the UV cutoff k_max, which is the hallmark of 

an asymptotically free theory in reverse: the bare mass ratio Rm grows without bound as more spectral 

modes are included, while the dressed observable 207 remains fixed. This is the spectralarithmetic 

analogue of the Landau pole in QED: the bare charge diverges as the UV cutoff is removed, but all 

physical observables remain finite and renormalization-group invariant. 

 

Critical difference from QED: in QED the Landau pole is a pathology (the theory breaks down). In the 

Third Alternative, the divergence of Rm is not a pathology but a physical statement: the quantum 

vacuum has an infinite capacity to dress the bare lepton mass ratio, and the observable 207 is the IR 

fixed point of this dressing flow. 

 

 

Algorithm F: Extended k-Grid Computation of Rm 

Structure and Objectives 

Algorithm F extends the computation of the extremal spectral ratios reY1_1 and reX1_1 to arbitrary 

k_max and T_max, using the implicit algebraic equation for all s₂[t]. The algorithm tracks six extremal 

quantities simultaneously: reY1_1: minimum of Re[S₂(b₁)/S₂(b₂)] — electron-to-muon energy ratio 

proxy. reX1_1: maximum of Re[S₂(b₁)/S₂(b₂)] — maximum spectral amplification. reY2_1, reX2_1: 

graviton sector extrema of Re[S₃(b₁)/S₃(b₂)]. 

 

Rm: bare mass ratio derived from reY1_1. msrrS2S3: Dirac/graviton mean ratio — Appelquist-

Carazzone decoupling monitor. 

 

Complete Algorithm F Code 

# algo_F_extended_rm.py — Algorithm F: Extended k-grid computation of Rm 

# 

======================================================================= 

# Third Alternative: bare mass ratio Rm = (1/reY1_1)^(1/2) 

# reY1_1 = min |Re[zeta(-1/2+ib1)/zeta(-1/2+ib2)]| over all (b1,b2) pairs 

# All s2[t] from implicit equation with k3=-t (no table, no asymptotics) 
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# Tracks: reY1_1, reX1_1 (Dirac), reY2_1, reX2_1 (graviton), Rm, nd 

# Wilsonian RG monitor: phi_vac = ln(Rm/207) 

# 

======================================================================= 

import math from scipy.optimize import brentq import numpy as np 

# --- Implicit spectral equation --def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3)*(24*k3**2*s2**6 

- 72*k3**2*s2**4 - 24*k3**2) + 4*s2**4 

def get_s2(t): 

return brentq(equation, -0.9999, -0.0001, args=(-t,), xtol=1e-14) 

       def b_value(s2_val, k): return (math.asin(s2_val) - 2*k*math.pi) / math.log(2) 

def inner_sums(b, N, a=0.5): 

"""Returns (reS2, reS3) for given b and N.""" reS2 = 1.0; reS3 = 1.0 ln_l = 0.0 for l in range(2, N + 

1): 

ln_l += math.log(l / (l - 1)) phi = b * ln_l 

c = math.cos(phi) 

reS2 += c * (l ** a) # ~ zeta(-1/2 + ib) [Dirac] reS3 += c * (l ** 2.0) # ~ zeta(-2 + ib) [Graviton] 

return reS2, reS3 

      def algorithm_F(T_max, K_max, N_inner=100_000_000, verbose=True): """ 

Computes Rm and spectral extrema for the Third Alternative. 

Parameters: 

T_max: upper bound for spectral index t (integer > 0) 

K_max: upper bound for k-grid (|k| <= K_max) 

N_inner : number of inner loop terms (default 10^8) Returns: 

                dict with Rm, reY1_1, reX1_1, reY2_1, reX2_1, phi_vac, nd, msrrS2S3, total_pairs 

""" 

reY1_1 = 1.0; reX1_1 = 0.0 reY2_1 = 1.0; reX2_1 = 0.0 srrS2S3 = 0.0; tl = 0 

for t in range(1, T_max + 1): 

s2_val = get_s2(t) 

# Generate all ordered pairs (k1, k2) with k1 > k2, k1*k2 != 0 ks = [k for k in range(-K_max, K_max+1) 

if k != 0] pairs = [(k1, k2) for i, k1 in enumerate(ks) for k2 in ks[:i] if k2 < k1] 

for k1, k2 in pairs: 

b1 = b_value(s2_val, k1) b2 = b_value(s2_val, k2) reS2_1, reS3_1 = inner_sums(b1, N_inner) reS2_2, 

reS3_2 = inner_sums(b2, N_inner) 
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# Dirac ratio: Re[S2(b1)/S2(b2)] if abs(reS2_2) > 1e-300: r_dirac = reS2_1 / reS2_2 if abs(r_dirac) > 

abs(reX1_1): reX1_1 = r_dirac 

       if 0 < abs(r_dirac) < abs(reY1_1): reY1_1 = r_dirac 

# Graviton ratio: Re[S3(b1)/S3(b2)] if abs(reS3_2) > 1e-300: r_grav = reS3_1 / reS3_2 if abs(r_grav) 

> abs(reX2_1): reX2_1 = r_grav 

       if 0 < abs(r_grav) < abs(reY2_1): reY2_1 = r_grav 

# Dirac/Graviton mean ratio (Appelquist-Carazzone monitor) if abs(reS3_1) > 1e-300: 

srrS2S3 += reS2_1 / reS3_1 tl += 1 

if verbose: 

Rm_curr = (1/abs(reY1_1))**0.5 if reY1_1 != 1.0 else float('nan') print(f't={t:4d} | 

reY1_1={reY1_1:.6e} | Rm={Rm_curr:.4f} |' f' reX1_1={reX1_1:.4f} | pairs={tl}') 

# Final aggregation Rm = (1 / abs(reY1_1))**0.5 nd = math.log(1/abs(reY1_1)) / 

math.log(207) phi = math.log(Rm / 207) 

msrr = srrS2S3 / tl if tl > 0 else float('nan') 

result = {  

'Rm': Rm, 

'reY1_1': reY1_1, 

'reX1_1': reX1_1, 

'reY2_1': reY2_1, 

'reX2_1': reX2_1, 

'phi_vac': phi, 

'nd': nd, 

'msrrS2S3': msrr, 

'total_pairs': tl 

} print('=== Algorithm F Final Results ===') for k, v in result.items(): 

print(f' {k:15s} = {v}') 

return result 

# --- Standard execution levels --if __name__ == '__main__': 

# Level 1: k<=10, T=100 (reproduces companion article baseline) r1 = algorithm_F(T_max=100, 

K_max=10, N_inner=100_000_000) 

# Level 2: k<=20, T=100 (extended k-grid) r2 = algorithm_F(T_max=100, K_max=20, 

N_inner=100_000_000) 

# Level 3: k<=30, T=500 (target precision) r3 = algorithm_F(T_max=500, K_max=30, 

N_inner=100_000_000) 
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# Print Wilsonian RG flow print('--- Wilsonian RG Flow ---') for label, r in 

[('k<=10',r1),('k<=20',r2),('k<=30',r3)]: 

print(f'{label}: Rm={r["Rm"]:.4f}, phi_vac={r["phi_vac"]:.4f}') 

 

Expected Results and Convergence Targets 

Level T_max K_max Expected 

reY1_1 

Expected Rm Expected 

Φ_vac 

1 (baseline) 100 10 1.314 × 10⁻⁵ ≈ 275.86 ≈ 0.288 

2 (extended) 100 20 6.494 × 10⁻⁶ ≈ 392.42 ≈ 0.639 

3 (target) 500 30 < 4.0 × 10⁻⁶ > 490 > 0.86 

4 (long-term) 10⁴ 50 < 10⁻⁶ > 10³ > 1.6 

Table 2: Convergence targets for Algorithm F at successive k-grid widths and T_max values. 

 

Algorithm G: GPU-Accelerated Rm Computation 

 

Motivation 

Algorithm F at Level 3 (T=500, K=30, N=10⁸) requires approximately 5.4 × 10¹ spectral pairs, each 

requiring N=10⁸ inner-loop operations. This represents ~5 × 10¹ × 8 × 10³ = 4 × 10¹³ FLOP on CPU — 

infeasible without GPU acceleration. Algorithm G implements the computation on GPU hardware 

using PyTorch/CUDA, with N_inner reduced to 10³ for the extended ensemble (statistical saturation 

regime). 

 

# algo_G_gpu_rm.py — Algorithm G: GPU-accelerated Rm for Third Alternative 

# 

======================================================================= 

# GPU implementation of Algorithm F for K_max up to 50, T_max up to 10^4 

# N_inner = 10^3 (statistical saturation: precision ~ 1/sqrt(M)) 

# Requires: torch with CUDA, GPU >= 40 GB VRAM 

# Third Alternative: Rm = (1/reY1_1)^{1/2}, phi_vac = ln(Rm/207) 

# 

======================================================================= 

import torch, math 
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from scipy.optimize import brentq 

DEVICE = torch.device('cuda' if torch.cuda.is_available() else 'cpu') LN2 = math.log(2.0) 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3)*(24*k3**2*s2**6 

-72*k3**2*s2**4-24*k3**2)+4*s2**4 

def get_s2(t): 

return brentq(equation,-0.9999,-0.0001,args=(-t,),xtol=1e-14) 

def precompute_b_tensor(T_max, K_max): 

"""Pre-compute all (b1, b2) pairs on CPU, load to GPU.""" pairs = [] for t in range(1, T_max+1): s2 = 

get_s2(t) asin_s2 = math.asin(s2) ks = [k for k in range(-K_max, K_max+1) if k != 0] bs = [(asin_s2 - 

2*k*math.pi)/LN2 for k in ks] for i, b1 in enumerate(bs): for b2 in bs[:i]: 

pairs.append((b1, b2)) 

b1_arr = torch.tensor([p[0] for p in pairs], device=DEVICE, dtype=torch.float64) b2_arr = 

torch.tensor([p[1] for p in pairs], device=DEVICE, dtype=torch.float64) return b1_arr, b2_arr 

def gpu_inner(b_vec, N, a=0.5): 

"""Vectorised inner sum for a batch of b values.""" 

L = torch.arange(1, N+1, device=DEVICE, dtype=torch.float64) ln_L = torch.log(L) # ln(l) # phi[i, l] 

= b[i] * ln(l) phi = b_vec.unsqueeze(1) * ln_L.unsqueeze(0) # (M, N) 

cos_phi = torch.cos(phi) # (M, N) 

l_a = L.pow(a) # Dirac: l^{+1/2} 

l_2 = L.pow(2.0) # Graviton: l^{+2} 

reS2 = (cos_phi * l_a ).sum(dim=1) # (M,) 

reS3 = (cos_phi * l_2 ).sum(dim=1) return reS2, reS3 # (M,) 

def algorithm_G(T_max, K_max, N_inner=1_000, chunk=4096): 

""" 

GPU-accelerated Rm computation for the Third Alternative. 

Parameters: 

 T_max : max spectral index t 

 K_max : max k-grid index 

N_inner : inner loop depth (10^3 recommended for GPU) chunk : number of pairs per GPU batch 

""" 

b1_arr, b2_arr = precompute_b_tensor(T_max, K_max) M = b1_arr.shape[0] print(f'Total pairs M = 

{M:,}') 
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reY1_1 = 1.0; reX1_1 = 0.0 reY2_1 = 1.0; reX2_1 = 0.0 acc_S2S3 = torch.zeros(1, device=DEVICE, 

dtype=torch.float64) total = torch.zeros(1, device=DEVICE, dtype=torch.int64) 

       for start in range(0, M, chunk): end = min(start + chunk, M) b1_sub = b1_arr[start:end] b2_sub = 

b2_arr[start:end] reS2_1, reS3_1 = gpu_inner(b1_sub, N_inner) reS2_2, reS3_2 = gpu_inner(b2_sub, 

N_inner) 

# Dirac extrema valid_d = reS2_2.abs() > 1e-300 if valid_d.any(): 

r_d = (reS2_1[valid_d] / reS2_2[valid_d]).cpu() mx_d = r_d.abs().max().item() mn_d = r_d[r_d != 

0].abs().min().item() if (r_d != 0).any() else 1.0 if mx_d > abs(reX1_1): reX1_1 = 

r_d[r_d.abs().argmax()].item() if mn_d < abs(reY1_1): reY1_1 = r_d[r_d.abs().argmin()].item() 

# Graviton extrema valid_g = reS3_2.abs() > 1e-300 if valid_g.any(): 

r_g = (reS3_1[valid_g] / reS3_2[valid_g]).cpu() mx_g = r_g.abs().max().item() if mx_g > 

abs(reX2_1): reX2_1 = r_g[r_g.abs().argmax()].item() 

# msrrS2S3 accumulation valid_s = reS3_1.abs() > 1e-300 if valid_s.any(): 

acc_S2S3 += (reS2_1[valid_s] / reS3_1[valid_s]).sum() total += valid_s.sum() 

Rm = (1/abs(reY1_1))**0.5 nd = math.log(1/abs(reY1_1))/math.log(207) phi = 

math.log(Rm/207) msrr = (acc_S2S3 / total).item() if total.item()>0 else float('nan') 

print(f'Rm={Rm:.4f} phi_vac={phi:.4f} nd={nd:.4f} msrrS2S3={msrr:.4e}') return Rm, reY1_1, 

reX1_1, phi, nd, msrr 

if __name__ == '__main__': 

# Level A: K=20, T=100 (verify against CPU Algorithm F Level 2) algorithm_G(T_max=100, 

K_max=20, N_inner=1_000) 

# Level B: K=50, T=10^3 (first exploration of k<=50 regime) algorithm_G(T_max=1000, K_max=50, 

N_inner=1_000) # Level C: K=50, T=10^4 (Planck-scale granularity) algorithm_G(T_max=10_000, 

K_max=50, N_inner=1_000) 

 

Algorithm H: μ → τ Transition in the Third Alternative 

Extending to the Tauonic Sector 

The Third Alternative predicts a second bare mass ratio Rτ for the tauon/muon sector, defined 

analogously by: 

 

reY1_1^(μτ)(T, K) = min Re[ζ(−1/2 + ib₁) / ζ(−1/2 + ib₂)] (tauonic spectral pairs) 

Rτ(T, K) = (1 / reY1_1^(μτ)(T, K))^(1/2) 

The tauonic sector requires spectral parameters b derived from the root s₂[t] at significantly larger 

tvalues, reflecting the much larger mass ratio mτ/me ≈ 3477 ≈ 207 × 16.8. Algorithm H implements a 
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targeted computation focused on the μ → τ transition, using the same implicit algebraic root structure 

extended to t ∈ {1, ..., T_τ} with T_τ >> 100. 

# algo_H_tau_transition.py — Algorithm H: mu -> tau Third Alternative 

# 

======================================================================= 

# Computes the tauonic bare mass ratio R_tau for the Third Alternative. 

# Uses the same implicit equation for s2[t] at all t. 

# Target: reY1_1^{mu-tau} = 1/(3477)^{nd_tau} for nd_tau in (2,5) # 

======================================================================= 

import math from scipy.optimize import brentq 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3)*(24*k3**2*s2**6 

-72*k3**2*s2**4-24*k3**2)+4*s2**4 

def get_s2(t): 

return brentq(equation,-0.9999,-0.0001,args=(-t,),xtol=1e-14) 

def inner_sums_tau(b1, b2, N, a=0.5): 

"""Inner sums for two b-values simultaneously.""" reS2_1 = reS2_2 = 1.0 reS3_1 = reS3_2 = 1.0 ln_l 

= 0.0 for l in range(2, N+1): 

ln_l += math.log(l/(l-1)) phi1 = b1*ln_l; phi2 = b2*ln_l c1 = math.cos(phi1); c2 = math.cos(phi2) 

la = l**a; l2 = l**2.0 reS2_1 += c1*la; reS2_2 += c2*la reS3_1 += c1*l2; reS3_2 += c2*l2 return 

reS2_1, reS2_2, reS3_1, reS3_2 

                              def algorithm_H(T_max, K_max, N_inner=100_000_000, m_tau_me=3477.0, m_mu_me=207.0): 

""" 

Third Alternative: mu->tau bare mass ratio R_tau. 

The dressed ratio m_tau/m_mu = 3477/207 = 16.8. 

R_tau is the bare analogue in the tauonic spectral sector. 

""" reY1_tau = 1.0; reX1_tau = 0.0 srrS2S3 = 0.0; tl = 0 

       for t in range(1, T_max+1): s2_val = get_s2(t) asin_s2 = math.asin(s2_val) LN2 = math.log(2) ks = [k 

for k in range(-K_max, K_max+1) if k != 0] bs = [(asin_s2 - 2*k*math.pi)/LN2 for k in ks] for i, b1 

in enumerate(bs): 

for b2 in bs[:i]: 

r2_1, r2_2, r3_1, r3_2 = inner_sums_tau(b1, b2, N_inner) if abs(r2_2) > 1e-300: rd = r2_1 / r2_2 if 

abs(rd) > abs(reX1_tau): reX1_tau = rd if 0 < abs(rd) < abs(reY1_tau): reY1_tau = rd 

if abs(r3_1) > 1e-300: 
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srrS2S3 += r2_1/r3_1; tl += 1 if t % 10 == 0: 

R_curr = (1/abs(reY1_tau))**0.5 if reY1_tau < 1.0 else float('nan') print(f't={t} | 

reY1_tau={reY1_tau:.4e} | R_tau={R_curr:.3f}') 

R_tau = (1/abs(reY1_tau))**0.5 nd_tau = math.log(1/abs(reY1_tau))/math.log(m_tau_me) phi_tau = 

math.log(R_tau / (m_tau_me/m_mu_me)) # dressed = 3477/207 = 16.8 msrr = srrS2S3/tl if tl>0 else 

float('nan') 

print(f'=== Algorithm H Final Results ===') print(f' R_tau = {R_tau:.6f}') print(f' reY1_tau = 

{reY1_tau:.6e}') print(f' nd_tau = {nd_tau:.6f}') print(f' phi_tau = {phi_tau:.6f}') print(f' msrrS2S3 = 

{msrr:.4e}') return R_tau, reY1_tau, reX1_tau, nd_tau, phi_tau 

if __name__ == '__main__': 

# Baseline: K=10, T=100 (quick first estimate) algorithm_H(T_max=100, K_max=10, 

N_inner=100_000_000) 

# Extended: K=20, T=100 

algorithm_H(T_max=100, K_max=20, N_inner=100_000_000) 

 

Physical Interpretation and Concordance Table 

The Quantum Vacuum as Active Medium 

The Third Alternative identifies the quantum vacuum as the physical agent that transforms the bare 

spectral ratio Rm into the observable dressed ratio 207. This identification has precise content: the 

vacuum coupling density Φ_vac = ln(Rm/207) grows logarithmically with the UV spectral cutoff 

k_max, reflecting the progressive integration of higher-frequency quantum fluctuations into the 

effective mass of the muon. The rate of this growth — the β-function β_TA ≈ 0.507 — is a prediction 

of the Third Alternative that can be tested by extending the computation to k_max = 30, 40, 50. 

The physical picture is as follows. In the Minkowski vacuum, the muon propagates surrounded by a 

cloud of virtual particle-antiparticle pairs, each mode of which contributes a phase shift to the Dirac 

field of frequency b. The aggregate effect of these modes, integrated over the spectral grid {b}(T, K), 

is to renormalize the bare mass ratio Rm down to the observable 207. The spectral extremum reY1_1 

measures the minimum possible ratio of Dirac vacuum energies at two distinct frequencies — a 

minimum that decreases as more spectral modes are included, signaling that the quantum vacuum has 

not yet been fully integrated at any finite k_max. 
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Comparison of the Three Alternatives 

Feature Alternative I 

(Standard) 

Alternative II 

(Casimir) 

Alternative III 

(Quantum Vacuum) 

Core 

mechanism 

Hadronic loop 

quadratic scaling 

Casimir quintic 

amplification 

masked by cubic 

suppression 

Bare spectral ratio 

Rm dressed by 

vacuum to 

207 

Mass ratio 207 Primary kinematic 

input 

Dressed residual 

(207)² of (207)⁵ ÷ 

(207)³ 

IR fixed point of 

renormalization flow 

Rm Not defined Not defined  

nd 2 (exact, by 

assumption) 

2 (effective, 

quadratic residual) 

 

β-function None None  

Algorithm Standard QFT Algorithms A, B Algorithm F, G, H 

Testable 

prediction 

HVP lattice QCD 5D Lagrangian 

derivation 

Rm(k_max) power-

law scaling 

Table 3: Structural comparison of the three alternatives for the muon g-2 anomaly. 

 

The Appelquist-Carazzone Monitor 

A central prediction shared by all three alternatives is the Appelquist-Carazzone decoupling theorem: 

as the spectral resolution (k_max) increases, the ratio msrrS2S3 = Re[ζ(−1/2 + ib)] / Re[ζ(−2 + ib)] 

must decrease toward zero, reflecting the progressive decoupling of the massive Dirac (spin-1/2) sector 

from the massless graviton (spin-2) background. The Third Alternative makes this prediction 

quantitative: 

msrrS2S3(k_max) ≈ C · k_max^(−γ) 

with the two available data points giving: 

msrrS2S3(10) ≈ 4.20 × 10⁻⁸ and msrrS2S3(20) ≈ 5 × 10⁻¹⁰ 

γ = log(4.20×10⁻⁸ / 5×10⁻¹⁰) / log(20/10) ≈ log(84) / log(2) ≈ 6.39 

This rapid power-law decay confirms that the Dirac/graviton coupling is driven to zero much faster 

than Rm grows, ensuring that the massless graviton sector (encoded in the trivial zero ζ(−2) = 0) 

275.86(k≤10),392.42 
k≤20),→∞ ( 

2.1077(k≤10),2.2399 
k≤20),→nd_∞ ( 

β_TA≈0.507 
( estimated ) 
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remains a stable reference throughout the spectral flow. The Third Alternative therefore not only 

provides a renormalization-group interpretation of the muon mass ratio, but also predicts a specific 

pattern of Appelquist-Carazzone decoupling that Algorithm F can verify at each new k_max level. 

 

Summary and Convergence Programme 

Step Algorithm K_max T_max N_inner Key Output 

Baseline F (CPU) 10 100 10⁸ Rm=275.86, Φ=0.288 

Extended F (CPU) 20 100 10⁸ Rm=392.42, Φ=0.639 

Target I F (CPU) 30 500 10⁸ Rm estimate > 490 

Target II G (GPU) 50 10³ 10³ Rm(50), β_TA confirmation 

Target III G (GPU) 50 10⁴ 10³ Planck-scale regime 

μ→τ I H (CPU) 10 100 10⁸ R_τ first estimate 

μ→τ II H (GPU) 50 10³ 10³ R_τ precision 

Table 4: Complete convergence programme for the Third Alternative. All algorithms use the implicit 

algebraic equation for s₂[t] at all t. 
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Appendix E — Algorithm C: Extended T-Range with Implicit Equation 

Algorithm C extends Algorithms A and B to arbitrary T and K. The spectral value s₂[t] is computed by 

solving the implicit equation with k₃ = −t for every t, including t > 100 — no asymptotic formula is 

needed. 

# algo_C_extended.py — Algorithm C: extended {b} ensemble 

# ============================================================ 

# Generates |{b}| = 2*K*T pairs with T arbitrary, K up to 1000. 

# Uses the implicit equation for s2(t) at ALL t (no table, no asymptotics). 

# 

# Implicit equation: k3 = -t 

# 0 = (8*s2^6-24*s2^4+24*s2^2-8)^(2/3) 

# * (24*k3^2*s2^6-72*k3^2*s2^4-24*k3^2) + 4*s2^4 

# import math from scipy.optimize import brentq 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3)*(24*k3**2*s2**6 

-72*k3**2*s2**4-24*k3**2)+4*s2**4 

def get_s2(t): 

"""Exact algebraic root for any t in N*.""" return brentq(equation, -0.9999, -0.0001, args=(-t,), xtol=1e-

14) 

def b_value(t, k): return (math.asin(get_s2(t)) - 2.0*k*math.pi) / math.log(2.0) 

def inner_loop(b, N): reS1 = reS2 = reS3 = 1.0 ln_l_accum = 0.0 for l in range(2, N + 1): ln_l_accum 

+= math.log(l / (l - 1)) phi = b * ln_l_accum c = math.cos(phi) reS1 += c * (l ** (-0.5)) reS2 += c * (l 

** ( 0.5)) reS3 += c * (l ** ( 2.0)) return reS1, reS2, reS3 

def algorithm_C(T_max, K_max, N_inner=100_000_000, batch_size=1000): 

total_pairs = 0 acc_S1S3 = 0.0; acc_S2S3 = 0.0 comp_S1S3 = 0.0; comp_S2S3 = 0.0 for t_start in 

range(1, T_max+1, batch_size): 

t_end = min(t_start+batch_size, T_max+1) for t in range(t_start, t_end): 

for k in list(range(-K_max,0))+list(range(1,K_max+1)): 

b = b_value(t, k) reS1,reS2,reS3 = inner_loop(b, N_inner) if abs(reS3) > 1e-300: r1 = reS1/reS3; r2 = 

reS2/reS3 

# Kahan summation y1 = r1-comp_S1S3; t1 = acc_S1S3+y1 comp_S1S3 = (t1-acc_S1S3)-y1; 

acc_S1S3 = t1 y2 = r2-comp_S2S3; t2 = acc_S2S3+y2 

 

comp_S2S3 = (t2-acc_S2S3)-y2; acc_S2S3 = t2 total_pairs += 1 
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return acc_S1S3/total_pairs, acc_S2S3/total_pairs 

if __name__ == '__main__': 

# Level 1: T=50000, K=100 => |{b}| = 10^7 ms1,ms2 = algorithm_C(T_max=50_000, K_max=100, 

N_inner=100_000_000) print(f'Level 1: msrrS1S3={ms1:.10e} msrrS2S3={ms2:.10e}') 

# Level 2: T=50_000_000, K=1000 => |{b}| = 10^11 ms1,ms2 = algorithm_C(T_max=50_000_000, 

K_max=1_000, N_inner=10_000) print(f'Level 2: msrrS1S3={ms1:.10e} msrrS2S3={ms2:.10e}') 

 

Appendix F — Algorithm D: GPU-Accelerated Massively Parallel Computation 

Algorithm D implements the computation on GPU hardware using PyTorch/CUDA, achieving a 

speedup of ~10⁴ over single-core Python. The outer loops over (t, k) are parallelised across GPU 

streaming multiprocessors, while the inner loop over l is vectorised using tensor operations. The 

spectral values s₂[t] are pre-computed on CPU via the implicit equation and loaded into a GPU tensor. 

# algo_D_gpu.py — Algorithm D: GPU-accelerated (PyTorch/CUDA) 

# ================================================================== 

# Requires: torch with CUDA, GPU >= 40 GB VRAM (e.g. A100 80GB) 

# Target: |{b}| = 10^13 pairs, N_inner = 10^3 to 10^6 per pair 

# Estimated time on 4xA100 cluster: <200 s for 10^13 pairs, N=10^3 # 

# s2[t] for ALL t: computed from implicit equation on CPU, then # loaded into GPU tensor. No 

asymptotic formula used. 

# ================================================================== 

import torch, math 

from scipy.optimize import brentq 

DEVICE = torch.device('cuda' if torch.cuda.is_available() else 'cpu') LN2 = math.log(2.0) 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3)*(24*k3**2*s2**6 

-72*k3**2*s2**4-24*k3**2)+4*s2**4 

def get_s2(t): 

return brentq(equation,-0.9999,-0.0001,args=(-t,),xtol=1e-14) 

# Pre-compute s2 values on CPU for the first chunk of t # (for T >> 100 these are computed on-the-fly 

in batches) def precompute_s2_tensor(t_batch_np): 

vals = [get_s2(int(t)) for t in t_batch_np] return torch.tensor(vals, device=DEVICE, 

dtype=torch.float64) 

def algorithm_D(T_max, K_max, N_inner=1_000, chunk_t=4096, chunk_pairs=2048): 
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l_vec = torch.arange(1,N_inner+1,device=DEVICE,dtype=torch.float64) ln_l = torch.log(l_vec) 

l_m05 = l_vec.pow(-0.5) # S1: zeta(1/2+ib) l_p05 = l_vec.pow( 0.5) # S2: zeta(-1/2+ib) l_p2

 = l_vec.pow( 2.0) # S3: zeta(-2+ib) GRAVITON k_vals = torch.cat([ torch.arange(-

K_max,0,device=DEVICE,dtype=torch.float64), 

torch.arange(1,K_max+1,device=DEVICE,dtype=torch.float64)]) 

acc_S1S3 = torch.zeros(1,device=DEVICE,dtype=torch.float64) acc_S2S3 = 

torch.zeros(1,device=DEVICE,dtype=torch.float64) total = 

torch.zeros(1,device=DEVICE,dtype=torch.int64) for t_start in range(1, T_max+1, chunk_t): t_end = 

min(t_start+chunk_t, T_max+1) t_np = list(range(t_start, t_end)) s2_vals = 

precompute_s2_tensor(t_np) arcsin_vals = torch.arcsin(s2_vals) b_mat = (arcsin_vals.unsqueeze(1) 

- 2.0*math.pi*k_vals.unsqueeze(0)) / LN2 

b_flat = b_mat.reshape(-1) for p_start in range(0,b_flat.shape[0],chunk_pairs): 

 

b_sub = b_flat[p_start:p_start+chunk_pairs] phi = b_sub.unsqueeze(1)*ln_l.unsqueeze(0) 

cos_phi= torch.cos(phi) reS1 = (cos_phi*l_m05).sum(dim=1) reS2 = (cos_phi*l_p05).sum(dim=1) 

reS3 = (cos_phi*l_p2 ).sum(dim=1) valid = reS3.abs() > 1e-300 if valid.any(): 

acc_S1S3 += (reS1[valid]/reS3[valid]).sum() acc_S2S3 += (reS2[valid]/reS3[valid]).sum() total += 

valid.sum() 

n = total.item() return acc_S1S3.item()/n, acc_S2S3.item()/n 

if __name__ == '__main__': 

ms1,ms2 = algorithm_D(T_max=50_000_000_000, 

K_max=1000, N_inner=1_000) 

print(f'FINAL: msrrS1S3={ms1:.10e} msrrS2S3={ms2:.10e}') 

 

Appendix G — Algorithm E: Hierarchical Multi-Resolution Sweep 

Algorithm E introduces a hierarchical adaptive strategy, concentrating computational effort in the 

physically most significant frequency bands: the transition zone between the continuous and discrete 

gravitational regimes. As in all algorithms of this version, s₂[t] is obtained by solving the implicit 

equation for each t. 

# algo_E_hierarchical.py — Algorithm E: multi-resolution adaptive sweep 

# 

========================================================================

= # Strategy: 

# Level 0: coarse grid (T_0, K_0) -- fast, identifies transition zone 
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# Level 1: refined grid in transition zone -- targeted precision 

# Level 2: ultra-fine in Planck-scale regime -- maximum resolution 

# Refinement criterion: |ratio - global_mean| > threshold 

# import math, heapq 

from scipy.optimize import brentq LN2 = math.log(2.0) 

def equation(s2, k3): 

A = 8*s2**6 - 24*s2**4 + 24*s2**2 - 8 return abs(A)**(2/3)*(24*k3**2*s2**6 

-72*k3**2*s2**4-24*k3**2)+4*s2**4 

def get_s2(t): return brentq(equation,-0.9999,-0.0001,args=(-t,),xtol=1e-14) 

def b_value(t, k): return (math.asin(get_s2(t)) - 2.0*k*math.pi) / LN2 

def inner_loop(b, N): 

reS1 = reS2 = reS3 = 1.0 ln_l = 0.0 for l in range(2, N+1): 

ln_l += math.log(l/(l-1)) phi = b*ln_l; c = math.cos(phi) reS1 += c*(l**-0.5) reS2 += c*(l** 0.5) reS3 

+= c*(l** 2.0) 

return reS1, reS2, reS3 

def algorithm_E(levels, N_base=10_000, 

N_refine_mult=100, threshold=1e-6): 

computed = {} 

refine_queue = [] for level_idx,(T,K) in enumerate(levels): 

print(f'--- Level {level_idx}: T={T:,}, K={K:,}, ' f'|b|={2*K*T:,.0e} ---') 

acc_S1S3 = acc_S2S3 = 0.0 level_new = 0 stride = max(1, T//1_000_000) for t in range(1, T+1, stride): 

for k in list(range(-K,0))+list(range(1,K+1)): 

if (t,k) in computed: 

acc_S1S3 += computed[(t,k)][0] acc_S2S3 += computed[(t,k)][1] continue 

N = N_base*(10**level_idx) reS1,reS2,reS3 = inner_loop(b_value(t,k),N) 

 

if abs(reS3)>1e-300: 

r1,r2 = reS1/reS3, reS2/reS3 computed[(t,k)] = (r1,r2) 

acc_S1S3 += r1; acc_S2S3 += r2 level_new += 1 n_total = len(computed) gm1 = 

acc_S1S3/max(n_total,1) gm2 = acc_S2S3/max(n_total,1) print(f' msrrS1S3 = {gm1:.10e}') print(f' 

msrrS2S3 = {gm2:.10e}') for (t,k),(r1,r2) in computed.items(): 

dev = abs(r2-gm2) if dev>threshold: 

heapq.heappush(refine_queue,(-dev,t,k)) 

# Refinement pass while refine_queue: 
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neg_dev,t,k = heapq.heappop(refine_queue) reS1,reS2,reS3 = inner_loop(b_value(t,k), 

N_base*N_refine_mult) 

if abs(reS3)>1e-300: 

computed[(t,k)] = (reS1/reS3, reS2/reS3) 

all_r1 = [v[0] for v in computed.values()] all_r2 = [v[1] for v in computed.values()] n = len(all_r1) 

print(f'msrrS1S3 = {sum(all_r1)/n:.10e}') print(f'msrrS2S3 = {sum(all_r2)/n:.10e}') 

if __name__ == '__main__': 

algorithm_E( levels = [ 

 (100, 10), # Level 0: 2000 pairs 

(10_000, 100), # Level 1: 2e6 pairs 

(1_000_000, 1_000), # Level 2: 2e9 pairs 

(100_000_000_000_000, 50), # Level 3: 10^13 (GPU) 

], 

N_base=1_000, N_refine_mult=1_000, threshold=1e-8 

) 

 

Appendix H — Complexity Analysis and Hardware Requirements for 10¹³ Pairs 

Effective computational cost 

The key insight is statistical saturation: to determine msrrS2S3 to 10⁻¹² precision with M = 10¹³ pairs, 

the required inner-loop depth is only N_inner = 10³ (not 10⁸ as in the baseline). This reduces the total 

operation count from 8 × 10²¹ FLOP (infeasible) to: 

Ω_eff = 2K × T × C_inner(N=10³) = 10¹³ × 8 × 10³ = 8 × 10¹⁶ FLOP 

 

Estimated execution times 

Hardware Peak 

(TF/s) 

FP64 Pairs/s (est.) Time for 10¹³ pairs 

(N=10³) 

Single A100 GPU (80 GB) 9.7  ~1.2 × 10⁹ ~14 min 

4× A100 node ~38.8  ~5 × 10⁹ ~3.5 min 

64× A100 cluster (16 

nodes) 
~620 

 
~7.7 × 10¹¹ ~13 s 



 

J. of Mod Phy & Quant Neuroscience Vol:2,3. Pg: 46 

Frontier

 supercomputer 

(~9500 MI250X) 

~1700  ~2 × 10¹² ~5 s 

 

Numerical stability: Kahan compensated summation 

Standard FP64 accumulation of 10¹³ values of order 10⁻⁸ introduces round-off of order 10¹³ × ε_m × 

10⁻⁸ ≈ 2.2 × 10⁻¹, contaminating the final mean. Kahan compensated summation reduces this to O(ε_m) 

regardless of M: 

def kahan_add(acc, comp, val): 

"""One step of Kahan compensated summation.""" y = val - comp t = acc + y comp_new = (t - acc) - 

y return t, comp_new 

# Usage in outer loop: # acc, comp = 0.0, 0.0 

# for each pair: acc, comp = kahan_add(acc, comp, r1) 

# final_mean = acc / total_pairs 
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