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Abstract

Multiplicative arithmetic provides a natural composition law, but its role as an organizing principle for physical 
observables is largely unexplored. We construct an exactly reducible quantum-statistical ensemble in which 
the same two distinct primes determine a composite excitation energy and a topological Wilson observable. A 
two-mode state (p,q) has energy ε ln(pq) and is assigned the torus knot T(p,q) in SU (2) Chern-Simons theory 
at level k. At fixed level k, the Wilson value depends only on p and q modulo m_k = 2(k+2). This yields an 
exact coarse-graining from an unbounded prime-labelled state space to a finite congruence-sector alphabet 
and reduces the thermal expectation to a finite quadratic form in partial prime-zeta functions. The resulting 
nonlinear thermal observable has analytic high- and low-temperature endpoint values, while a finite-register 
energy-topology contrast obeys a provable asymptotic null limit at fixed k. Residue compression evaluates 
78,498 prime modes, representing 3,080,928,753 implicit unordered pairs, without pair enumeration. The 
construction therefore provides a solvable arithmetic-topological complex system in which prime multiplication 
acts simultaneously at the levels of composition, energy, and topology. It is an engineered programmable 
model rather than a microscopic theory of matter, and it supplies falsifiable finite-size and thermal signatures 
for future tests of arithmetic organization in physical systems.
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Introduction
Arithmetic Composition and Topological Organization
Nonlinear and complex systems often acquire tractability when a large microscopic state space admits an 
exact reduced description. Here the reduction is arithmetic. Chern-Simons gauge theory relates non-Abelian 
Wilson loops to knot invariants: for SU(2) at level k, a normalized and framing-corrected fundamental Wilson 
expectation gives the Jones polynomial at a root of unity [1-3]. The same observables are operationally 
accessible through quantum simulation, quantum approximation of Jones values, and interferometric probes 
of non-Abelian braiding [4-6].

Arithmetic quantum systems supply a complementary composition law. Assigning an energy proportional to ln 
p to a prime-labelled mode converts integer multiplication into addition of excitation energies, while arithmetic-
topological quantum statistical systems have been constructed from knot semigroups [7-10]. Our question is 
more restrictive and more directly testable: what happens when the same multiplicative factors simultaneously 
determine the composite energy and the topology of a quantum observable? The resulting hierarchy links 
microscopic arithmetic modes, finite congruence sectors, and macroscopic thermal statistics.

Here we impose that joint rule in the square-free two-prime sector:

                                                                                                                                              (1)

Unique factorization is essential. For distinct primes 𝑝 < 𝑞, the product 𝑁 = 𝑝𝑞 uniquely recovers the unordered 
winding pair {𝑝, 𝑞}; a generic coprime product does not.

Prime Hamiltonian and Wilson Observable
Let each prime label a hard-core mode, with 𝑛̂𝑝 ∈ {0,1}, and define

                                                                                                                                         (2)

In the two-excitation space

we have

                                                                                                                                                            (3)

Writing 𝑠 = 𝛽𝜀, the restricted Gibbs state is

                                                                                                                                                  (4)

with

                                                                                                                                                  (5)
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This state is trace class precisely for real 𝑠 > 1 [11].

For

define the normalized, framing-corrected Wilson value

                                                                                                                                      (6)

In the convention 𝑉○ = 1, the torus-knot Jones polynomial used here is

                                                                                                                                                         (7)

The prime-conditioned normal operator and its measurable Hermitian quadratures are

                                        
                                                                                                                                                        (8)

                                                                                                                                                     
                                                                                                                                                         (9)

The gauge connection remains the dynamical variable of the Chern-Simons path integral; no prime-
dependent matrix is substituted for it.

Exact Congruence Coarse-Graining
Set

                                                                                                                                                          
                                                                                                                                                            (10)

Equation (7) is unchanged under 𝑝 ↦ 𝑝 + 𝑚𝑘 or 𝑞 ↦ 𝑞 + 𝑚𝑘: the four numerator powers are periodic modulo 
𝑘 + 2, while the prefactor exponent changes by an integer multiple of 𝑘 + 2. Hence there is a

symmetric finite kernel          such that

                                                                                                                                     (11)

Consequently, the thermal Wilson expectation has the exact finite representation

                                                                                                                                            (12)
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where

                                                                                                                                                 (13)

The subtraction removes the forbidden diagonal 𝑝 = 𝑞. At any prime cutoff 𝑋, Eq. (12) remains exact after 
replacing 𝑃𝑎 by its finite partial sum. Thus,         has at most

distinct eigenvalues, regardless of the number of prime modes. This is a bound on the spectral alphabet, not a 
finite-rank assertion.
The closed formula also gives

Therefor 𝐴𝑘 (𝑠) is absolutely convergent for 𝑠 > 1. If 𝐴k
(𝑋) retains 𝑝, 𝑞 ≤ 𝑋, then

                                                                                                                                           (14)

The proof and a sharper exact tail expression are given in the Supplemental Material.

Nonlinear Thermal Flow and Endpoint Fixed Points
Let 𝑈(𝑚𝑘) be the unit residues modulo 𝑚𝑘. The prime number theorem in arithmetic progressions implies, for 
fixed 𝑚𝑘,

                                                                                                                                                  (15)

as 𝑠 → 1+. Nonunit classes contain only the finitely many primes dividing 𝑚𝑘. Inserting Eq. (15) into Eq. (12) 
yields the exact high-temperature boundary value

                                                                                                                                       
                                                                                                                                              (16)

At the opposite endpoint, the smallest pair product is 2 ⋅ 3, followed by 2 ⋅ 5, giving

 
                                                                                                                                              (17)

The one-parameter thermal observable therefore flows between a unit-residue Wilson average and the trefoil 
Wilson value, rather than between fitted numerical parameters. We use the term thermal fixed point for these 
exact endpoint values of the s-flow; no renormalization-group fixed point is assumed. The nonlinearity arises 
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from the normalized quadratic dependence on partial prime-zeta functions in Eq. (12).

Finite-Size Scaling and the Asymptotic Null Limit
For a finite register, let 𝑒𝑝𝑞 = ln(𝑝𝑞) and define

                                                                                                                                              (18)

Because        is constant on residue-pair sectors, every covariance in Eq. (18) depends only on the mode counts 
and the sums of ln𝑝 inside those sectors. Permuting energies within each residue class therefore leaves        
exactly unchanged. This proves that the contrast is congruence mediated; it cannot be interpreted as prime-
specific information beyond the residue structure at fixed.

The same reduction supplies its asymptotic behavior. For fixed 𝑚𝑘, the prime number theorem in arithmetic 
progressions makes the counts and logarithmic-energy moments equidistributed among the unit classes. 
Exceptional primes have vanishing weight in the uniform finite-register pair ensemble. It follows that
 
                                                                                                                                    (19)

Finite-size peaks therefore must not be extrapolated into a physical phase. Instead they form a controlled 
finite-size scaling diagnostic whose exact null limit separates residue-mediated organization from genuinely 
prime-specific information. Between X=100 and X=1,000,000, the reported contrasts decrease systematically 
at k=2,4,8,10; the complete cutoff series and seeded controls are supplied with the reproducibility package.

Reduced-State Measurement Protocol
A finite simulator prepares two distinct hard-core modes with Gibb’s weight

It reversibly computes 𝑝,𝑞 modulo 𝑚𝑘 and controls an ancilla readout using the finite table       . Separate 
Hadamard-type measurements give                             The topological lookup contains at most                           
complex values and is independent of 𝑋; only state preparation and modular label processing grow with the 
register. 

If each shot is normalized to a range bounded by 𝐶𝑘, Hoeffding’s inequality gives 

                                                                                                               (20)

for additive error 𝛿 and failure probability at most 𝛼. A full braid implementation may instead condition

on |𝑝, 𝑞⟩; the compressed protocol measures the same root-of-unity observable without claiming to reproduce 
the complete braid dynamics.

The numerical implementation validates direct pair enumeration against Eq. (12) at 𝑋 = 500 to a maximum 
absolute error below 8.5 × 10−16. It then evaluates 78,498 prime modes - representing 3,080,928,753 unordered 
pairs - without constructing a pair array. Periodicity and residue-permutation invariance is verified to floating-
point precision. Source code, complete kernels, endpoint values, cutoff series, seeded global-permutation 
controls, and validation logs accompany this study.
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Discussion and Outlook
The physical claim is deliberately bounded but nontrivial. The Hamiltonian in Eq. (2) is an engineered 
programmable spectrum, not a microscopic model of matter, and the construction does not identify prime 
numbers with particles or fields. Its physical content is operational: prime multiplication simultaneously sets 
a composite energy, a torus-knot label, a finite congruence sector of a Wilson observable, and a measurable 
thermal response. Exact coarse-graining then shows how an unbounded arithmetic microstate space collapses 
to a finite topological spectral alphabet at fixed gauge level.

This hierarchy is the central complex-systems result: arithmetic composition → logarithmic energy → congruence 
sector → topological observable → thermal statistics. Its analytically known endpoints and asymptotic null 
theorem make it falsifiable at finite register size rather than merely metaphorical. The model therefore provides 
a controlled setting in which the physical consequences of multiplicative arithmetic can be isolated from 
arbitrary numerical labelling.

A broader empirical question is whether multiplicative descriptors of nuclear or elemental identity exhibit 
analogous reduced-sector organization. The present work does not establish that prime factors constitute nuclei 
or generate chemical elements. Testing such a connection requires independent nuclear or atomic data, leakage-
safe validation, and matched non-prime controls. The exact ensemble developed here supplies a mathematical 
and computational template for that next experiment.

Conclusions
We have shown that prime multiplication can serve as a physical organizing rule in an exactly solvable 
programmable quantum ensemble: the product pq determines additive energy while the same factors determine 
a torus-knot Wilson observable. At fixed Chern-Simons level, exact congruence coarse-graining compresses 
infinitely many prime-labelled states to a finite spectral alphabet, the thermal flow has analytic endpoint values, 
and the finite-register contrast has a provable asymptotic null limit. These results separate robust arithmetic-
topological structure from finite-size coincidence and provide direct observables for simulation. The broader 
role of multiplicative arithmetic in physical composition remains an empirical question, now posed in a form 
that can be quantitatively tested.

Data and Code
No external data were used. The source code, deterministic numerical tables, validation report, and reproducibility 
instructions are available at the repository below. Generative-AI assistance was used during code development 
and debugging; all reported numerical outputs were regenerated with deterministic scripts and checked against 
the exact congruence formulas and direct pair enumeration at small cutoffs.
https://doi.org/10.5281/zenodo.21876575
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