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Abstract 

We show that Robertson uncertainty relation can be refined for q-commutator which is defined by [A,B]q = 
AB −qBA, where A,B are self-adjoint operators and q ∈ . The coefficient is represented by the eigenvalues 
of state ρ.
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Introduction- Historical background
In quantum mechanical system, the expectation value of an observable A in a quantum state ρ is ex-
pressed by Tr[ρA]. It is natural that the variance for a quantum state ρ and an observable A is defined by 

 It is well known that Robertson 
uncertainty relation is represented by the commutator [A,B] = AB−BA in the following.

Theorem 1.1. Let ρ be a density operator and A,B be self-adjoint operators. Then the following uncertainty 
relation holds.
   

  

It is easy to show the following uncertainty relation for q-commutator [A,B]q = AB − qBA.
Theorem 1.2. Let ρ be a density operator and A,B be self-adjoint operators. Then the following uncertainty 
relation holds for q ∈ .
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In this paper we have an extension of Theorem 1.2 by using the maximal eigenvalue and minimal eigenvaue 
of ρ under finite dimensional case.

2. Q-commutator
Let Mn( ),Mn,sa( ) and Mn,1( ) be the set of all n dimensional complex matrices, the set of all n dimensional 
self-adjoint matrices and the set of all n dimensional density matrices. For A,B ∈ Mn,sa( ), we define commu-
tator and anti-commutator by [A,B] = AB − BA and {A,B} = AB + BA, respectively. Q-commutator and q-an-
ti-commutator are defined by [A,B]q = AB−qBA and {A,B}q = AB+qBA, respectively, where q ∈  and A,B ∈ 
Mn,sa( ). Q-commutator is a generalization of commutator [A,B]. Now we state the main theorem.

Theorem 2.1.   be the spectral decomposition satisfying 0 ≤ λ1 ≤ λ2 ≤··· ≤ λn. Then we 
have the following refined uncertainty relations.

(1)	 If |q| ≤ 1, then

  
(2)	 If |q| > 1, then

  

We need some lemmas in order to prove the main result.
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By Schwarz inequality
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