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Abstract

We show that Robertson uncertainty relation can be refined for g-commutator which is defined by [A.B], =
AB —qBA, where A,B are self-adjoint operators and g € R. The coefficient is represented by the eigenvalues
of state p.
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Introduction- Historical background

In quantum mechanical system, the expectation value of an observable 4 in a quantum state p is ex-
pressed by Tr/pA]. It is natural that the variance for a quantum state p and an observable 4 is defined by
'Pp(ﬂ' = T?'[p;’lQ] - {T?'[Pﬂ]]g = T’f"[ﬂﬂ%]a where Ag = A — (Tr[pA])]. 1t is well known that Robertson
uncertainty relation is represented by the commutator /4,B] = AB—BA in the following.

Theorem 1.1. Let p be a density operator and A,B be self-adjoint operators. Then the following uncertainty
relation holds.

£|Tr[p[.r1, BIP < V,(A)V,(B).

It is easy to show the following uncertainty relation for g-commutator [A,B]q =AB — gBA.
Theorem 1.2. Let p be a density operator and A,B be self-adjoint operators. Then the following uncertainty
relation holds for ¢ € R.
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1 . ;
WlT?'[p[ﬂ.n, Bn]|f;|]|2 E Iﬁ'p(fl)lr'p{B).

In this paper we have an extension of Theorem 1.2 by using the maximal eigenvalue and minimal eigenvaue
of p under finite dimensional case.

2. Q-commutator
LetM (C),M, (C)and M, (C) be the set of all n dimensional complex matrices, the set of all n dimensional
self-adjoint matrices and the set of all n dimensional density matrices. For 4,8 € M (C), we define commu-
tator and anti-commutator by [4,B] = AB — BA and {A,B} = AB + BA, respectively.’Q-commutator and g-an-
ti-commutator are defined by /4,B] = AB—qBA and {A,B} = AB+qBA, respectively, where ¢ € R and 4,8 €
q q

M, (C). Q-commutator is a generalization of commutator /4,B/. Now we state the main theorem.

Theorem 2.1. Let p =31 Ai|éi) (@] be the spectral decomposition satisfying 0 <A <A, <--- <A . Then we
have the following refined uncertainty relations.

(1) If |g| <1, then
(An |Q’|/\"l)2

TR0 T TrlelAo: Bul]? < VoAV, (B).

(2) If |g| > 1, then
¢*(lglAn + M)
(L4 [al)*(lglAn = Ar)?
(Jg)An + A1)?

= T 10D el — a2 T 1PLBo Aol < Vo(A)V,(B)

|Tr[p[Ag, Boly jjqI?

We need some lemmas in order to prove the main result.

2
Lemma 2.1. If |q| < 1, then G(t) = (:;IED is monotone increasing fort = 1.

Proof. G'(t) = 4=l > g, 0

Lemma 2.2. If |q| < 1, then F(t) = (1 + |q|t)*(t — |q])* = (1 = |g|t)*(t + |¢[)> = 0 for t = 1.
That is

_ 2

L—lqlt\* _ (t=lal\’

i) < \i)

Proof. F'(t) = 4|q|(1 — [¢|?)(3t* — 1) = 0. Since F(1) = 0, we have F(t) > 0 for t > 1 O

Proof of Theorem 2.1. Let a;; = (¢;|Ag|@;) and by; = (¢;|Bo|o:).
(1) Since Tr{p[Ao, Baligl = Su,;(h — lalAs)ausbys,

ITr{p[Ao, Boligll| < D A = lalAsllass[bsa]-

ij

J. of Mod Phy & Quant Neuroscience Vol:1,4. Pg:2



Opinion Article Open Access

By Schwarz inequality

2
| Tr[p[Ao, Bolg ]I < (Z [Ai = |@|)ﬁj||ﬂa'j||bjf|)
i
< Z |Ai — |Q|)*j||fla'j|zz i = [l As1B5:]*.
i

i.j
Then
1
(An = lglAr)?

— gl
)\ = lalAs

2.1 AT 3 i
(2.1) Mo = Jahs

Tr[p[Ag. Bylig]|* < |bji|?

In the case of A; > Aj, since 1 < A;/A; < A, /Ay, it follows the following from Lemma 2.1

(M}u - |*:f|)2 - (Anﬁu — |q|)2_
NfAi+ gl ) T N AL M+ gl

In the case of A; < A;, since 1 < A;/A; < A, /Ay, it follows the following from Lemma 2.2 and
2 2 2
(1 — |@'|()'~jf)‘~:')) < (ij’)ﬁx — |q|) < (}“n,f}“l - |Q’|)
L4lgl(A/A) ) — AN/ A+ lal) — \ /A + gl
(2 |q|Aj)2 (2 |q|}n)2
Ai+lalA ) — N\ +lga )

' — lglA;
Ap — |@’|/\1

Lemma 2.1

In both cases

That is
Ai + |Q|/\j
T [ An+ |‘i'|""l

By (2.1) we have

1 5 A+ [g]A;
S e Ap, < E
[)\n—|q|A1}2|TT[p[ 1.D.Bﬂ:| fi‘|:|| = — ‘)‘. -|—|(_'{|A

..|2

Z At alAs
A+ gl As

Since |a;;| = |aj;|, we have
Z"}‘ + lglllay? = Z)" |ag;|* + |q] Z;\ [
= Z/‘\ lag|* + |q] Z A |ﬂ‘,n,|2 > /\e|ﬁv;j|2 +1al > Ailag]?
i ij

= 1+I@| Z/\ih‘*ﬂ" = (1+1g)Vp(4)
i
Then
(A + lglM)?

(L+ [a))*(An = Iql)u)2|T"'L"[f’1ﬂ=Bnhqﬂl2 < V,(A)V,(B).
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(2) Since 1/]g| < 1, we have the following by (1).

()"n + ':1”‘3'”}‘1)2

(L+ 1/]al)* (A = (1/lg[) M)
7*(|q| A 4+ A)?

(1+ lg))*(lg|An — M)?

2 |Tr[p[Ao, Bolyy f?|:||2

[ Tr[p[Ao, BolyyjqllI* < Vo(A)V,(B).

Since
1
Trip[Ao, Boliyjq] = — HT?‘[P[BD-. Apliglll;

we have

(|G’|/\n + )‘1)2

(T P — A B Aolall” < VAV(5)

We obtain the following corollary.

Corollary 2.1. We have the following refined uncertainty relations under five conditions.
(1) If0 < q <1, then

(}‘n + q","l)2
(1 + Q)Q(An - q)\l)

(2) If g > 1 then

ITr{p{Ao, Bal ]I < Vy(A)V,(B).

¢ (gAn + A1)’
(1 +q)*(gAn — A1)
(gAn + A1 )?
(1+q)*(gAn + A1)
(3) If ¢ = 0, then |Tr[pAgBy]|* < V,(A)V,(B).
(4) If =1 <q <0, then

2 Tr[p[Aq, Bﬂ]]fr;”Z

S| T'rp[Bo, Aol [* < V,(A)V,(B).

A — qA)?
= 0700 + gl B
l:}‘n - qu)g

= T 20, 1 o TrletAe Bkl < Vi(A)V,(B).

(5) If g < —1, then

qg(}\l - Q'xn}z
(1= q)* (A +gAn)
qg(}\l - Q'xn}z

T 10200 + g ) | Trlp{ Ao, Bo}1y4]l*

. 2
_ l:}ll_ qAn) 2|TT[p{Bn,Ar‘J}q“2 < T,f'p(;’l)lfpl.iB}

(1= a)* (A +gAn)

5| Tr[p[ Ao, By gl
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We obtain the result by [3]. This is the case of ¢ = 1 in Theorem 2.1 and Corollary 2.1.

Corollary 2.2.

)tn+/\12 )\n-l-)uz r
ﬁwr[p[ﬂn‘ By]l]* = ,4(()\“—_)\3)2|T?‘[P[—’1= BJ|* < Vo(A)V,(B).

Remark 2.1. Let p = 3—1;' be the mazximally mized state. If |g| < 1, then

mm‘[ﬂ[ﬂm Boligll* < V,(A)V,(B).

If lq| > 1, then

1 2 I 7
WE? [p[Bo, Aojgll” < Vo (A)V,(B).

These are the same as |Tr[AgBy]|* < Tr[AZTr[B3].

Remark 2.2. Let p be non-faithfull state. Since Ay = 0, we have the same result as Theorem

1.2. Because in the case of |q| <1,

WIT?*[;J[%, Bolil]* < V,(A)V,(B).

Then we can rewrite the following

W|T?‘[P[Bm fin]lqll|2 < IV,D(”L;J(B)

ﬂlﬁﬂ '.i'n, lhﬂ Case Qf |q| = ]-s we hl‘jﬂfﬁ
—|( | |T?'[_O[Bﬂ. f’lnl- ”2 < 1 [:.‘1.}1’ (B:]

Therefore

mﬁ?‘[ﬂ[ﬂns Boligll|* < Vo(A)V,(B).
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