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Abstract

This paper presents a mathematical modeling of steady-state heat transfer through multilayer building
envelope structures. One-dimensional heat flow is considered for given indoor and outdoor air temperatures.
The equivalent thermal resistance method is used for calculations, taking into account the thermophysical
properties of individual building envelope layers and the heat transfer resistance on the internal and external
surfaces.

The thermal resistances of the building envelope layers, the total thermal resistance, the heat flux density, and
the temperature distribution across the wall thickness and at the layer boundaries are determined. The greatest
temperature difference occurs in the layer with the highest thermal resistance, confirming the effectiveness of
thermal insulation materials. The results can be used in the design of energy-efficient building envelopes and
in thermal engineering calculations for buildings.
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Introduction challenge, energy-saving technologies have emerged
In the modern world, the main focus of new technol-  that reduce energy costs for the operation of buildings
ogies is the desire to reduce harmful emissions into  and structures.

the atmosphere and curtail the use of non-renewable

energy resources. One of the most important factors ~ Using these technologies, external energy consump-
influencing emissions is the combustion of fuel for tion for maintaining a comfortable indoor microcli-
heating and electricity generation. In response to this  mate is minimized, and with passive house building
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technologies, it approaches zero. To determine the
minimum heating and air conditioning costs for a
building, it is necessary to accurately determine the
thermal resistance of the building envelope, as well
as the temperature distribution within it.
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Figure 1: Heat Transfer graph Through the External
Enclosing Structure (Dushanbe)

The total thermal resistance of external enclosing
structures is one of the key indicators of their thermal
insulation properties. It characterizes the structure's
ability to prevent the transfer of thermal energy from
the building's interior to the external environment
and back under steady-state heat transfer conditions.
Total thermal resistance is defined as the sum of the
thermal resistances of the individual structural lay-
ers, as well as the thermal resistances of the internal
and external surfaces. The higher this value, the low-
er the building's heat loss and the higher its energy
efficiency.

In the city of Dushanbe, characterized by a sharply
continental climate with hot summers and relative-
ly cold winters, thermal insulation requirements for
external enclosing structures are particularly impor-
tant. In winter, it is necessary to ensure minimal heat
loss to maintain a comfortable temperature inside
the building, and in summer, to reduce external heat
inflow, which reduces the load on air conditioning
systems [1,2].

The total thermal resistance is calculated based on
the climatic parameters of the construction area,
such as the estimated outdoor temperature, the du-
ration of the heating season, and the indoor temper-
ature regime. The resulting value is compared with
regulatory requirements, allowing for an assessment
of the building envelope's compliance with energy

conservation and thermal comfort requirements. (Fig-
ure 2)
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Figure 2: Graph of total Thermal Resistance and dew
Point. External Enclosing Structure (Dushanbe)

Modern building energy efficiency requirements
necessitate a thorough analysis of heat loss through
the building envelope. Exterior walls, roofs, and floors
are the primary pathways for heat transfer between
indoor and outdoor spaces, and their proper design can
significantly reduce energy consumption for heating
and air conditioning.

Mathematical heat transfer modeling is widely used
in building thermal engineering, allowing for the
quantitative assessment of heat flow and temperature
field in building envelopes. One of the most intuitive
and convenient calculation methods is the equivalent
thermal resistance method, which takes into account
the sequential arrangement of wall layers and the heat
transfer resistance of the surfaces.

Physical Statement of the Problem

This paper examines the process of steady-state one-
dimensional heat transfer through a flat, multilayer
building envelope. Heat transfer occurs from the
interior air to the outside environment through
successive layers of the structure.

When constructing the mathematical model, the
following assumptions were made:
* Thethermalregimeis consideredto be established,
the temperature field does not change over time;
* The heat flow is directed perpendicular to the
plane of the layers of the enclosing structure,
which allows us to consider the problem in a one-
dimensional formulation;
* Heat exchange by convection and radiation
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on internal and external surfaces is taken into
account using heat transfer coefficients;

* Thermophysical properties of materials
(thermal conductivity, density and heat capacity
coefficients) are assumed to be constant;

e There are no internal heat sources in the
structure.

* The adopted assumptions make it possible
to simplify the problem and apply classical
methods of building thermal engineering to
analyze heat transfer through the enclosing
structure [3,4].

Initial Data

For mathematical modeling of heat transfer through

the external enclosing structure of a building, the

following initial data are specified:

* Indoor air temperature: 1, =18 °C

* Outdoor air temperature: ¢ =-142°C

«  Temperature difference: AT = ¢ = Lo =322°C

* The layers of the structure and their thermophys-
ical characteristics (thickness and thermal con-
ductivity coefficient) are accepted according to
the assignment;

* Type of enclosing structure - flat multi-layer ex-
ternal wall;

* Heat transfer coefficients on the internal and ex-
ternal surfaces of the structure are accepted as
standard;

* Thermal regime - stationary;

* There are no internal heat sources in the struc-
ture.

Procedure for Performing Work

1. To study the physical formulation of the problem
of heat transfer through a multilayer enclosing
structure and accept the basic assumptions of the
mathematical model.

2. Set the internal and external air temperatures, as
well as the thermophysical characteristics of the
wall layer materials.

3. Calculate the thermal resistance of individual
layers of the enclosing structure and the heat
transfer resistance from the inside and outside.

4. Determine the total thermal resistance of the en-
closing structure.

5. Calculate the heat flux density through a struc-
ture at a given temperature difference.

6. Determine the temperatures at the boundaries of
the enclosing structure layers.

7. Analyze the obtained results and draw conclusions
about the nature of heat transfer and the influence
of the thermal insulation layer on reducing heat
loss.

Mathematical Model

Differential Equation of Heat Conduction

The process of heat transfer through the building's ex-
ternal enclosing structure is considered in a station-
ary one-dimensional setting. In this case, the temper-
ature distribution across the structure's thickness is
described by the Fourier differential heat conduction
equation.

For the i -th layer of a multilayer enclosing structure,
the heat conductivity equation has the form:

()0
dx dX
Where
T = T(x) — temperature, °C;
x — coordinate along the thickness of the structure,
m;
A— thermal conductivity coefficient of the i -th layer,
W/(m °C).
Since the thermal conductivity coefficient within each
layer is considered constant, the heat conductivity
equation is simplified and takes the form:
d’T
dx?
The solution to this equation is a linear dependence
of temperature on the coordinate, which indicates the
linear nature of the temperature distribution within

each homogeneous layer of the enclosing structure.
[3-5].

Boundary Conditions

To correctly solve the differential heat conduction
equation, boundary conditions must be specified on
the internal and external surfaces of the enclosing
structure. In steady-state heat transfer, these conditions
take into account convective thermal resistance and
the heat flow between the air and the wall surface.

On the Inner Surface of the Structure (x = 0):
dT
- Aa =0~y (Ty = T,)
Where:
A is the thermal conductivity coefficient of the layer

material, W/(m °C);
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5 — heat transfer coefficient on the inner surface,
W/(m? °C);

Tow— indoor air temperature, °C;

T— wall surface temperature from the room side,
°C.

On the outer Surface of the Structure (x = 0):

- ﬂg x=6=uap ’ (TS - THap)

Where:

@uap — heat transfer coefficient on the outer surface,
W/(m? °C);

Ts— temperature of the outer surface of the wall, °C;
Tap — outside air temperature, °C;

0 — thickness of the structure, m.

These boundary conditions allow us to take into
account the influence of internal and external heat
exchange and provide the correct solution for
temperature distribution across the thickness of a
multilayer enclosing structure [1,6,7].

Thermal Resistance Method

The Equivalent Thermal Resistance Method is
widely used for practical modeling of heat transfer
through a multilayer enclosing structure . This
method allows the multilayer structure to be replaced
by a sequence of thermal resistances of layers and
surfaces, significantly simplifying the calculation
and eliminating the need to solve a differential
equation for each layer.

Basic Principles of the Thermal Resistance Layer
Method

The thermal resistance of a layer Ri indicates how
much a given material impedes heat flow. For a
single-layer section, it is determined by the formula:

R; _ 5
A
Where

R; — thermal resistance of the i-th layer, m? °C/W;
0 .— thickness of the i-th layer, m;

4 .1s the thermal conductivity coefficient of the layer
material, W/(m °C).

The higher the value Ri  the greater the layer's ability
to retain heat and the less heat loss through that
section of the structure. This indicator is especially
important when designing multi-layer enclosing
structures, as the sequential arrangement of layers
with different thermal conductivities determines the

overall thermal efficiency of the wall [6,8].
Heat Transfer Resistance on the internal and external
surfaces of the structure:

Where

o _and— aHapheat transfer coefficients, W/(m? °C).

Total Thermal Resistance of the Structure

The total thermal resistance of an enclosing structure
is a key indicator of its thermophysical properties and
allows one to assess the structure's ability to impede
heat transfer from the interior air to the outside
environment. For multilayer walls, the total heat flux
is determined not only by the properties of individual
materials but also by the resistance to heat transfer on
the interior and exterior surfaces of the structure.

Thermal resistance indicates how much a given
layer impedes heat flow. The higher the R 1 value ,
the more effectively the layer retains heat. This
parameter is especially important when designing
multi-layer enclosing structures, where the sequential
arrangement of materials with different thermal
properties determines the overall thermal efficiency of
the wall.

For practical calculations, the total resistance of a
structure takes into account not only the resistance of
individual layers, but also the thermal resistance of the
surface due to convection and radiation:
n
RZ = RBH + Ri + RHap

i—1

Heat flow Density through the Structure

_ TBH_THap
Ry ~
Where
T ,T — indoor and outdoor air temperatures, respectively.

BH’ © Hap

Temperatures at the Layer Boundaries

For a multilayer enclosing structure, it's important to
determine the temperatures at the boundaries of each
layer, as this allows for heat distribution analysis and
identification of layers with the greatest temperature
differences. The temperature at the boundary of the
kth layer is calculated using the formula:
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Te=Tou—qXX (R k=1,2,... ... n

Where

The— temperature at the boundary of the k-th layer.
Tsu— indoor air temperature, °C;

a — heat flow density through the structure, W/m?;
Ri__ thermal resistance of the i-th layer, m? °C/W.

This formula allows one to determine the temperature
profile across the entire thickness of the structure.
The greatest temperature differences are typically
observed in the layers with the highest thermal
resistance, which most often corresponds to the
insulation. Analyzing the temperature at the layer
boundaries is necessary to assess the effectiveness
of the thermal insulation and prevent possible
condensation within the structure [9].

The thermal resistance method allows for a clear
determination of temperature distribution throughout
the entire thickness of a structure and the identification
of layers with the greatest temperature differences.
This approach is widely used in building thermal
engineering for calculating multi-layer walls, roofs,
and other enclosing structures [8].

The method allows you to clearly determine the
temperature distribution across the wall thickness
and identify the layers with the greatest temperature
difference (usually insulation).

Simulation Results

As aresult of mathematical modeling of heat transfer
through a multilayer external enclosing structure, the
following main results were obtained:

The Heat Flow Density through the structure was
found to be constant throughout the wall's thickness,
consistent with the laws of steady-state heat
transfer. This confirms the validity of the chosen
one-dimensional model and the thermal resistance
method.

Temperature Distribution Across Layers showed that
the greatest temperature difference is observed in the
layer with the highest thermal resistance—usually
the insulation. This result confirms the effectiveness
of thermal insulation materials in reducing heat loss
through the structure.

The average Temperature of the Structure was
approximately 3.6°C, which corresponds to the
theoretical value for a linear temperature distribution

between the indoor and outdoor air. This indicator
allows one to assess the thermal state of the structure
and serves as the basis for further thermal engineering
calculations, including determining the dew point and
testing for moisture condensation [4,8,10].

Thus, the conducted modeling allows us to clearly
assess the impact of different wall layers on heat loss
and use the results for designing energy-efficient
enclosing structures [11-20].

Conclusion

Mathematical modeling of heat transfer through a

multilayer enclosing structure demonstrated that

the developed model can effectively solve practical

engineering problems. It can be used to:

* determine the heat flow through the structure;

* obtain temperature distribution across the wall
thickness;

+ evaluate the effectiveness of the thermal insulation
layer;

» use the results for designing enclosing structures
and conducting thermal calculations for buildings.

The thermal resistance method used in this study is
a clear and convenient tool for practical heat transfer
analysis. It allows for quick assessment of temperature
distribution and heat flow differences in various
structural layers and complies with modern building
thermal engineering regulations.

Thus, the proposed approach can be used in the design
and optimization of enclosing structures to improve
the energy efficiency of buildings.
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